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Computing the nonlinear forced response of structures with localized nonlinearity, such as 
intermittent contacts, is a time intensive task mainly because highly refined finite element models 
are necessary to properly model such structures. To alleviate this issue, temporal and spatial 
reduction methods have been proven to be beneficial in making nonlinear analyses faster. In this 
research, reduced order models for structures with intermittent contacts are presented. Models of 
systems with intermittent contacts such as jack-up platforms are reduced through the projection of 
the full system onto a basis of normal modes computed by enforcing special boundary conditions 
(full contact, partial contact, or fully open) at contact surfaces. The resulting low order models are 
used to predict the steady state forced response by the harmonic balance method coupled with a 
pseudo-arc length continuation algorithm. A frequency adaptive reduction (FAR) method is 
employed to accurately predict the behavior at the contact area during vibration and therefore 
establish special boundary conditions to be employed in generating the transformation matrix 
applied in the reduction process. The computation and strategic reduction of the set of basis 
vectors, at every frequency within the range of interest, provides an efficient optimization of the 
model size. Furthermore, the continuation approach is adjusted to handle models of varying size 
between solution frequencies. The proposed method is applied to multiple test cases to demonstrate 
its effectiveness and high numerical efficiency compared to classical reduction methods.  
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Despite the development of an optimal reduced order modelling tool such as the FAR, 
repetitive modeling of complex engineering structures in the design process can still be challenging 
because of the time needed to construct reduced order models. To address this challenge, 
substructuring can be employed. Analyzing a system’s structural dynamics in such a component-
wise fashion has proven to have important advantages over global methods. Such benefits include 
the ability to evaluate the dynamic behavior of structures that are too large or complex to be 
analyzed as a single entity. Also, by analyzing the subsystems, local dynamic behavior can be 
recognized more easily than when the entire system is analyzed. In cases when a single 
component’s geometry or parameters are modified, only such subcomponent needs to be 
reanalyzed, therefore the total system can be analyzed at low additional cost. This advantage can 
be leveraged when dealing with local nonlinearities with intermittent contacts (e.g., cracks). If the 
length of a local crack within a large structure increases, only such local area needs to be remodeled 
without remodeling the entire structure completely. Despite their laudable advantages, most 
substructuring techniques are only capable of handling linear systems. Combining the FAR 
technique with conventional substructuring methods allow the handling of local nonlinear contact 
challenges. This idea is explored in detail in this research and the method is tested on a rectangular 
plate with two independent crack interfaces.  
Finally, the novel reduction method developed herein is further challenged by its 
application on systems with friction and rigid body mode. Example of such system, analyzed in 
this work, is the prediction of the dynamic behavior of an untethered multi-legged microrobot. The 
proposed model is modified to incorporate rigid body dynamics and friction to predict the 
dynamics of such intricate system with complex motion. Simulation results are verified using 







Predicting the deformation, vibration responses, stress distribution, and other structural 
characteristics to support the design process of structural components or systems require structural 
analysis mostly based on the finite element models (FEMs). These analysis are necessary in design 
chain to anticipate and forestall damages that could impact the original design function of the 
system. A special class of structural damages prevalent in structures operating under high fatigue 
stress is damages from localized intermittent contacts such as cracks and dents. Experimental 
analysis for reliability and testing of designs can be quite expensive compared to high capacity 
computing power available for simulations. Despite the recent development of high computing 
power, the structural complexities and size of modern designs continues to increase such that 
changes to an existing design can have a significant time delay in the design process. Thus, 
structural reduced order modelling (ROM) techniques are necessary to reduce computational time 
and cost. ROM has been an active research topic because of its relevance in modern structural 
analysis and because it provides a good understanding of the fundamental characteristics of a 
variety of dynamical systems. Many ROM techniques have been developed in the past for various 
systems especially as it relates to structural systems with localized piecewise nonlinearity. In 
general, ROM methods can be divided into two categories: linear transformation based methods 
and methods based on nonlinear normal modes (NNM). 
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Linear transformation based methods has been investigated by several researchers for 
model reduction of nonlinear systems with intermittent contacts. The system equivalent expansion 
process (SEREP) [1] and Irons-Guyan [2,3] reduction are example of linear transformation based 
reduction. These methods treats the degrees of freedom (DoFs) associated with the nonlinear nodes 
as master DoF and other DoFs as slave DoFs which can be removed from system depending on 
the selection the selection criteria. Another reduction method peculiar to systems with piecewise 
nonlinearity is named the local equivalent stiffness method researched by Butcher and Lu [4]. This 
is based on a linear approximation of the nonlinear intermittent contact using master-slave 
relationship. The transformation matrix of the ROM is such that it retains the degrees of the 
nonlinear nodes as master DoFs. The most important characteristics of this method is that it 
preserves the eigen-structure of the original system. One of the major alternative to direct, full 
order structural analysis and linear transformation based reduction method is the component mode 
synthesis (CMS). This techniques is particularly suitable for large systems with huge DoFs. 
Various CMS-based ROM methods have been proposed in the past [5] due to its flexibility to be 
integrated with other FEM-based techniques. In general, the concept is initiated by first dividing 
the structure into smaller components referred to as subcomponents or substructures. Next, each 
substructure is projected onto a small set of linearly independent Ritz vectors which spans the 
solution space of the vibration response. This projection significantly reduces the number of DoF 
needed to model each substructure compared to the number of DoFs in the initial problem. The 
resulting fewer DoFs of each substructure is finally assembled into a synthesized global reduced 
order model which can be solved using numerical solution techniques. Craig-Bampton component 
mode synthesis (CB-CMS) method is one of the widely used CMS techniques. In this technique, 
the Ritz vectors include the fixed interface modes of the substructures plus a set of static interface 
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constrain modes. This technique is well understood and frequently employed because of its 
simplicity, numerical stability and flexibility. 
In numerous cases of nonlinear systems having a large numbers of DOFs, the actual 
nonlinear components are spatially localized. For example, an airplane model could be modelled 
with a relatively stiff fuselage (linear) and more flexible wings (nonlinear). Applications of local 
nonlinearities are also present in the uprising world of microelectromechanical systems (MEMS), 
where capacitors of accelerometers are mounted on springs that are able to handle large deflection. 
In the FE modelling of these cases, CMS can be used to isolate the nonlinear components for 
further analysis. Modelling structures with local intermittent contacts using FEM-based methods 
typically results in a very large system of models. Models in the neighborhood of the intermittent 
contacts are known to be nonlinear and have different structural characteristics from the other 
linear models. Note that the number of the nonlinear models can be significant despite its 
localization because elements in this neighborhood are usually discretized with a fine mesh to be 
able to capture the nonlinear response. The nonlinearity comes from the intermittent opening and 
closing of the contact surface. This piecewise linear motion was leveraged by Poudou and Pierre 
[6 7] when they proposed a method for predicting the resonant frequencies of a cracked structure 
using the direct solution of the nonlinear  forced response of the system which is very complex 
and computationally intensive. They proposed a hybrid frequency-time domain technique called 
the bilinear frequency approximation to avoid the challenge just mentioned. Bilinear frequency 
approximation has also been used in predicting the resonant frequency of a single DoF [8] and also 
on multi-DoF vibration of cracked beams and plates [9,10] One slight draw back of the method is 
that it assumes all the nodes at the constant surface opens and closes instantaneously. Therefore 
the method doesn’t capture gradual opening or closing of the contact interface though it is good 
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approximation for predicting the resonant frequency. This is one of the challenges addressed in 
this thesis. 
For most of ROM techniques, the selection criteria for selecting an optimal set of modes 
that spans the solution space is usually a challenge. The selection of vectors included in the 
transformation matrix of a ROM obtained via Guyan reduction [3] problem is a very crucial factor 
in obtaining expected solution and minimizing challenges from numerical convergence. Henshell 
and Ong [11] presented a selection technique called an automatic master DoF selection algorithm. 
This algorithm is aimed at retaining set of nodes with lower vibration frequency (master DoFs) in 
a FEM analysis while removing nodes that contributed to higher vibration modes. Master nodes 
are nodes with high inertia and low stiffness and nodes with low inertia and high stiffness are the 
slave nodes. They are identified by calculating the natural frequency of the system when all nodes 
are fixed except the node under consideration. Higher natural frequencies are associated with slave 
nodes which are be iteratively removed using Guyan reduction from the system until a satisfactory 
number of node is left. Similar to this approach is another Algorithm proposed by Shah and 
Raymund [12] where a DoF is eliminated if its frequency is larger than a predefined cutoff 
frequency which is chosen as a multiple of the most significant frequency within the frequency 
range of interest. Matta [13] also presented a technique similar to the above but has the advantage 
that it can be applied to both Guyan reduction and CMS techniques. Another method that suffers 
similar rigorous and exhasutic serach criteria for selecting master DoFs is implemented by 
Grinenko and Mokeev [14]. Bouhaddi and Fillod [15] had a different approach to their selection 
technique. The concept involve fixing the DoF associated to an eigenmode such that the eigenvalue 
of both the fixed and unfixed cases remain the same. The rationale behind this technique is to 
maximize the minimum eigenvalue with all the master DoFs fixed. Another class of selection 
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different from the master DoFs based selection techniques in previous literatures, is the modal 
energy concept based selection. Kim and Choi [16] proposed a method that uses the energy 
distribution among the DoFs of each mode to select the primary DoFs by taking the partial sum 
over the rows of the energy distribution matrix. They further went on to use the energy estimation 
of discretized elements by using the Rayleigh quotient value of the elements. They went even 
further in ref. [17] to propose a two level selection process. First is the reduced order modelling 
by improved reduced system (IRS) which is based on the elemental energy estimation to select the 
primary DoFs, and followed by a sequential elimination method [18] with an iterative IRS. The 
main challenge with most of these method is that they are computationally intensive and sometime 
require the user’s intuition to restrict the search algorithm to certain region of importance rather 
than searching through the entire system’s DoFs. Later in this work, a new selection algorithm is 
presented named the FAR selection technique. 
Chapter two of this work focuses on the development, implementation and application of 
the novel concept of the frequency adaptive reduction (FAR) as an improved approach of using 
the bi-linear ROM of structures with contact nonlinearity. As stated earlier, there is a continuous 
interest in developing faster and reliable methods for modelling finite element (FE) systems with 
intricate geometry and complex dynamic behavior. Example of such system include dynamic 
systems with localized piecewise-linear nonlinearity such as joints, cracks and interface between 
coupled parts. Different types of ROM has been developed to capture the spatial correlations in 
the vibration of these systems by reducing the number of model equations to be solved. In the 
study by Segalman [11], systems with local nonlinearities are reduced by means of a reduction 
basis which includes mode shapes of a reference linear system augmented by a set of additional 
modes with different boundary conditions at the contacts. Similar approach but with the concept 
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of bilinear modes (BLMs) was presented by Saito & Epureanu [19] and Epureanu & Zucca [20]. 
While the proposed BLM reduction techniques were good approximation of the nonlinear contact 
dynamics, they are not capable of predicting the gradual opening and closing of the contact surface. 
This is as result of the underlying assumption that all the contact nodes instantaneously transition 
between fully opened and fully closed.  
The BLM reduction concept for structures with intermittent contacts, under harmonic 
excitation, as applied in this work assumes that the response of the nonlinear system is periodic 
and only contains a small number of invariant manifolds (Nonlinear normal modes) within the 
frequency range of solution. Therefore the response of the system can be approximated by a set of 
normal modes of the open or closed (sliding) linear system. Zucca and Epureanu [21] recently 
developed a ROM with similar BLM concept that captured the gradual opening and closing of the 
contact interface. However, made an underlying assumption that in the frequency range of interest 
the dynamics of the nonlinear system is dominated by one of the modes (that must be identified in 
advance) of either the open or the sliding system. This is a strong assumption which limits the 
applicability of the method as some systems with complex motion will flout this assumption. The 
FAR technique developed in chapter two addresses this challenge and presents a two-step mode 
selection technique to optimize the number of modes in the transformation matrix.  
In chapter three the FAR method developed in chapter two is used to develop a 
methodology to solve large systems with multiple intermittent contacts using substructuring. In 
reality most systems do have more than one localized region with intermittent contacts which could 
be multiple of the same type of contact nonlinearity (e.g. multiple cracks or joints) or a hybrid (e.g. 
cracks and joints combination). In either case, solving the system using substructuring is 
advantageous because the system can be partitioned such that each intermittent contact and its 
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peculiarities can be handled within a smaller set of the system i.e. subcomponent. This approach 
handles localized modifications (either by design or failure) to the system very well in that only 
the subcomponent affected by the modification is required to be remodeled while other unaffected 
subcomponents remains the same. Majority of the previous literature use the CB-CMS as the 
substructuring tool for handling system with geometric nonlinear FE models [22,23]. Similar 
approach is employed in this work but with intermittent nonlinearities instead and reduction of the 
boundary interface DoFs. Reduction of the interface DoFs between subcomponents in 
substructuring techniques has been presented by several researchers. The use of a secondary modal 
analysis of the interface partitioned matrices to reduce the interface DoFs was proposed by Brahmi 
et al. [24]. This method is applied before the assembly of the subcomponents in CMS technique. 
The transformation matrix contains the combination of truncated modes obtained via singular 
value decomposition (SVD) and a selected few secondary interface modes. Cansister et al. [25] 
also proposed a similar method but the transformation matrix contains the truncated fixed interface 
modes combined with the constraint mode partition of the matrices produced by CMS. An inverse 
transformation of mode sets into the physical DoFs results in the characteristic constraint modes. 
The framework for generalizing the interface DoFs was introduced by Balmés [26]. He 
implemented the idea of considering a new basis set to represent the actual interface displacement 
also called the constraint modes. The work presented later herein, used the concept of bi-linearity 
to incorporate the effect of intermittent contacts during the boundary interface reduction. This new 
idea uses the FAR selection technique to create a transformation matrix containing fixed interface 




In chapter four the FAR bilinear reduction was further challenged by introducing friction 
and rigid body motion into the dynamic modelling equation previously reduced by FAR. With 
these additional challenges, a new FAR based model is introduced and applied to predict the 
locomotion of a centimeter scale multi-legged micro-robot. The fundamental dynamics related to 
a small scaled movement of a robot has been studied in literatures. In ref. [27,28], studies on the 
locomotion of biological organisms like insects was investigated and extended to testing of robots 
intended to operate with similar locomotion process. Their porotypes, which are centimeter scaled, 
have legs that are modelled with lumped parameters and applied with a relatively simple ground 
interaction modelling. The interaction range from the foot contact with ground to foot motion in 
air. This concept exhibit the basic concept of the legged robot dynamics which always include the 
foot-ground interaction and sometimes the foot-body interaction. Factors that determine the 
dynamics of a microrobot include the scale of the robot, the number of legs and the amount of 
interaction allowed between component parts of the robot. Walking analysis based on different 
contact model in large systems has been investigated in several literatures. [29] used the coefficient 
of restitution based model, [30] adopted the continuous contact force model, and [31] applied a 
planar kinematic chain with a compliant ground model. These contact model unfortunately are not 
effective for microrobots because impact forces on the foot of the robot from the ground is only 
applied at single point of contact. The full FE based approach suggested in this work alleviates this 
issue by modelling the foot-ground interaction surfaces with multiple nodes which generates a 









2. Frequency-Adaptive Bi-linear Reduced Order Model for Structures with 
Intermittent Contacts  
2.1. Introduction  
Dynamic systems with localized nonlinearities (such as friction, cracks, or joints) continue to be 
of significant interest in the field of nonlinear structural dynamics. This is because of challenges 
associated with predicting the nonlinear dynamic responses of such systems especially when the 
nonlinearities are not smooth. Such calculations typically require high resolution finite element 
(FE) models with several million governing equations for the equally many DoFs.  
Reduction methods for the linear portion of the governing equations have been intensely 
studied in the past. However, methods for nonlinear systems require further development to 
increase their efficiency and accuracy. Several techniques have been proposed to reduce the size 
of the nonlinear system to overcome the computational cost necessary to compute the nonlinear 
forced response. The rationale for these techniques is that spatial coherences exist over time in the 
displacements of the full order model. These coherences typically exist over a frequency range of 
interest and can be approximated by using projection on sets of (projection/basis) vectors specially 
computed and assembled into a reduction matrix. The displacements and the governing equations 
are projected onto this reduced order space.  
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One of the early methods for model reduction is Guyan’s static reduction [3]. This 
technique requires the DoFs to be split into master and slave DoFs. Then, displacements are 
approximated as a linear combination of static modes, called constraint modes, obtained by 
applying a unitary displacement at each master DoF separately while forcing the others to be zero. 
As a result of this reduction process, the size of the reduced order model (ROM) equals the number 
of master DoFs. However, this technique disregards the inertial effects of the slave DoFs by 
assuming that they are connected to the master DoFs only statically. Thus, Guyan’s method is less 
accurate for large models with distributed mass.  
Another approach is component mode synthesis (CMS) [32]. In CMS, the full structure is 
split in several substructures. Each substructure is reduced, and then, provided that interface DoFs 
are selected as master DoFs of each substructure, the ROM of the full structure is assembled. One 
of the popular variants of this method is the one developed by Craig and Bampton [33]. In the 
Craig Bampton component mode synthesis (CB-CMS), the Guyan reduction matrix of each 
substructure is augmented with a set of modes, computed by assuming fixed boundary conditions 
(BCs) (i.e., null displacements) at the master DoFs. CB-CMS is commonly applied to structures 
with intermittent and friction contacts provided that contact DoFs are included in the set of master 
DoFs [34].  
The main drawback of applying either the Guyan or the CB-CMS methods to structures 
with intermittent or friction contacts is that the size of the set of nonlinear governing equations to 
be solved equals or is larger than the number of contact nodes (if the contact kinematics is defined 
by means of absolute contact DoFs) or the number of contact pairs (if the contact kinematics is 
defined by means of relative contact DoFs) [35], [36]. Possible strategies to further reduce the size 
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of CMS-based ROMs and to lower the computational burden include node-downsampling when 
enforcing no-penetration BCs on the contact surfaces [11], [4], [37].  
The application of proper orthogonal decomposition (POD) is another common technique 
that has been developed for order reduction of nonlinear systems. POD-based order reduction 
requires the construction of Proper orthogonal modes (POM) obtained from snapshots of the 
nonlinear solution of the system. These vectors form the reduction basis contained in the reduction 
matrix [38]. Al-Shudeifat and Butcher applied similar approach by augmenting the reduction 
matrix composed of the local equivalent linear stiffness method (LELSM) modes with new Ritz 
vectors [39]. In their method, the optimal basis vector of POMs is found via simulation. As is the 
case for POD-based reductions, the setback of these approaches is that, they require a priori 
simulation to determine the nonlinear solution of the system. 
Other approaches are possible to reduce nonlinear systems by means of generalized 
coordinates, so that the size of the ROM does not depend on the mesh refinement of the contact 
area. One approach is based on the use of nonlinear normal modes (NNM), which extend the 
concept of linear normal modes to nonlinear systems. Peeters, Kerschen, and Golinval [40] have 
successfully used NNM as part of a numerical algorithm to compute the responses of aircraft 
structures. However, this method is computationally intensive and may require the full solution of 
the system before NNM can be calculated. Zuo and Curnier [41] studied the autonomous conewise 
linear multi-degree-of-freedom of gyroscopic systems (such as cracked beams) and non-
gyroscopic systems (such as cracked rotating shafts) subject to unilateral contacts. Their approach 
combined analytical and numerical methods for investigating the fundamental dynamic 
characteristics of such systems, namely non-linear real and complex modes. That approach 
provides good fundamental insights. However, it is difficult to adopt for systems with large number 
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of nonlinear DoFs because of the large number of resulting equations of motion, which also require 
a large number of iterations to solve.  
Another technique has been proposed by Saito and Epureanu [19], called bi-linear modal 
reduction. That method has been successfully applied to piece-wise linear oscillators. By 
exploiting the spatial coherences between two sets of normal modes of two dynamic systems with 
special BCs, referred to as bi-linear modes (BLMs), this technique is able to reduce the nonlinear 
model. The method has been extended to systems with pre-stressed intermittent contacts by Zucca 
and Epureanu [42] also. Despite the accuracy achieved by this technique, the size of the ROMs 
obtained is large and increases as the number of contact BCs increases. Consequently, the iterative 
solution of the nonlinear model with such frequency-invariant ROM size usually requires a 
significant computational time.  
In this paper, the BLM formulation [19] is refined to enhance computational speed and 
accuracy through a frequency-adaptive reduction (FAR) technique. In the original approach, 
BLMs include modes of the linear system with sliding contacts along the entire contact area 
(referred to as the sliding linear system), and those of the linear system with open contacts along 
the entire contact area (referred to as the open linear system), where no penetration is allowed.  
Distinct from previous work, in the current approach, the contact area is decomposed 
conceptually in three parts. The first part (a) contains all node pairs that are always in the sliding 
state during vibration. The second part (b) contains all nodes that are always in the open state. The 
third part (c) contains all nodes that switch from open to sliding states and vice-versa during each 
vibration cycle. Thus, the sliding linear system has all switching node pairs in the sliding state, and 
the open linear system has all switching node pairs in the open state. Both these linear systems 
have all node pairs in part (a) in the sliding state and all node pairs in part (b) in the open state. 
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Note that parts (a), (b) and (c) change when the excitation frequency (or amplitude) changes. The 
current approach adaptively estimates at every frequency the three parts (a), (b) and (c), and uses 
the estimates to predict the nonlinear time-periodic solution at nearby frequencies.  
The modes of the two linear systems (open and sliding) with BCs based on the adaptively 
calculated contact areas are used to obtain BLMs for model reduction. In addition to the adaptive 
identification of the contact area, this paper also presents a modal selection criterion (MSC) to 
select the BLMs to be included in the reduction matrix, and a modal participation criterion (MPC) 
aimed at eliminating unnecessary BLMs from the reduction matrix. Thus, the novel approach does 
not only consider the adaptation of the contact area, but it also controls the size of the reduction 
matrix to contain only the BLMs with higher participation in the dynamics. Hence, unlike many 
previous approaches, the assumption that the response of the nonlinear structure is dominated by 
the same set of modes of either the sliding linear system or the open linear system in the frequency 
range of interest is not necessary.  
The capabilities of proposed method are demonstrated by means of two example systems: 
a cracked plate and two cylinders with overlapped edges.  
 
2.2. Methodology  
2.2.1. Governing Equations  
The forced response of a vibratory structure with intermittent contacts under pre-stress and 
harmonic excitation can be computed by solving the following set of dynamic differential 
equations of motion (EoMs) represented in the time domain as  
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 𝐌?̈? + 𝐂?̇? + 𝐊𝒒 = 𝑭𝑝𝑠 + 𝑭𝑒𝑥 + 𝑭𝑛𝑙,  (1) 
where ( )̇ represents a time derivative. 𝐌, 𝐂 and 𝐊 are the mass, viscous damping and stiffness 
matrices associated with the linear model with no contact conditions enforced (i.e., with free BCs 
on the contacting surfaces), 𝑭𝑝𝑠 is the vector of pre-stress forces, 𝑭𝑒𝑥 is the excitation vector, 𝑭𝑛𝑙 
is the vector of nonlinear contact forces acting at the contact pairs (Figure 1), and q is the vector 
of DoFs.  
 
Figure 1. Contact model showing contact pairs in sliding, and contact pairs that are open 
 
2.2.2. Application of the Harmonic Balance Method  
The harmonic balance method (HBM) [43,44] is a well-known technique for computing periodic 
solutions for dynamic systems. This method allows for solving the EoMs in the frequency domain, 
rather than in the time domain. Given that the focus of this work is to study the periodic responses 
of a system under the influence of harmonic excitations, application of the HBM to the governing 
equations provides a fast computational solution.  
In the HBM, all periodic quantities (excitation, steady-state displacements and nonlinear 
forces) are expressed as a sum of harmonic terms (i.e., a Fourier series) truncated at a desired 
Open contact  
surface  
Sliding contact  
surface  
Contact  
node pair  
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maximum 𝐻𝑡ℎ harmonic. Equating the coefficients of the linearly independent harmonic functions 
gives rise to a set of nonlinear complex algebraic equations written as  
 
                              𝐊𝒒0  =  𝑭𝑝𝑠 + 𝑭𝑒𝑥
0  + 𝑭𝑛𝑙
0 ,           ℎ = 0,   
[ −(ℎ𝜔)2𝐌+ 𝑗ℎ𝜔𝐂 + 𝐊 ]𝒒ℎ  =  𝑭𝑒𝑥
ℎ  + 𝑭𝑛𝑙
ℎ ,                        ℎ = 1,… ,𝐻,  
(2) 
where superscript ℎ denotes the ℎ𝑡ℎ Fourier coefficient, 𝜔 is the excitation frequency, and 𝑗 =
√−1.  
The coupled set of equations in Eq. (2) above are usually solved iteratively for 𝒒ℎ using 
nonlinear solvers such as the Newton-Raphson or arc-length continuation methods [45]. Both these 
iterative solvers employ the alternating frequency time (AFT) procedure [46] to compute the 
Fourier coefficients of the nonlinear contact force 𝑭𝑛𝑙
ℎ  at each iteration. The AFT utilizes the 
inverse fast Fourier transform (IFFT) of the normal relative displacements of all contact pairs 𝒒𝑛𝑙
ℎ  
to expand the variables into periodic functions in the time domain. The temporal periodic normal 
force is computed via a contact model such as the one shown in Eq. (3), and then a fast Fourier 
transform (FFT) is used to calculate its Fourier coefficients assembled in 𝑭𝑛𝑙
ℎ . In case of frictionless 
contacts, the compressive normal contact force 𝑁 at each contact pair in Figure 1 can be expressed 
using a well-known approach as  
 𝑁 = max(𝑘𝑛𝑞𝑛 , 0),  (3) 
where 𝑘𝑛 is the normal contact stiffness [3], and 𝑞𝑛 is the (small) penetration at the contact pairs 
in contact in the direction normal to the contacting surfaces (in the time domain). The value of 𝑘𝑛 
is chosen such that the eigenvalues of the system (in the frequency range of interest) after the 
application of 𝑘𝑛 to the nodes of the contacting surfaces remain unchanged compared to the 
eigenvalues obtained when the nodes are rigidly coupled in the direction normal to the surfaces.  
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2.2.3. Model Reduction  
Various approaches have been developed in the past to reduce the number of equations governing 
the dynamics of a structure with intermittent contacts. While most approaches have been 
successful in reducing the size of the nonlinear DoFs associated with the governing equations via 
the construction of nonlinear ROMs [42], a frequent drawback is that the size of the ROMs can be 
significantly large at certain frequencies of interest, and that large size impacts the computation 
time. In this section, a novel reduction technique is proposed to create frequency-adaptive 
nonlinear ROMs.  
2.2.3.1. Linear modal reduction (CB-CMS)  
Linear model reduction techniques such as CB-CMS [33] have been proven to ameliorate the 
computational demands related to FE model formulations with large DoFs. In general, vector 𝒒 is 
partitioned into master and slave DoFs, i.e. 𝒒 = {
𝒒𝒎
𝒒𝒔
}. Where 𝒒𝒔 contains the (slave) linear DoFs 
and 𝒒𝒎 contains the (master) nonlinear DoFs, i.e. DoFs related to the contact node pairs. The aim 
of this step is to reduce the sizes of the mass and stiffness matrices and the force vector 
corresponding to the slave DoFs in Eq. (1). According to the Craig-Bampton fixed-interface mode 




} = 𝐓𝐶𝐵 {
𝒒𝑚
𝜶𝑠
} ,  where 𝐓𝐶𝐵 = [
𝐈 𝟎
𝚿 𝚽𝐶𝐵
] ,  (4) 
with 𝐈 and 𝟎 being identity and zero matrix respectively. 𝚽𝐶𝐵 is referred to as the matrix of fixed 
interface modes, and contains a selected subset of modes of the model computed with fixed BCs 
at the master DoFs. The vector 𝜶𝑠 contains the set of generalized coordinates reflecting the 
amplitudes of the modes in 𝚽𝐶𝐵. Matrix 𝚿 contains the interface constrain modes, i.e. the static 
nodal deflections of the structure due to a unitary displacement of each master DoFs (one at a time) 
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while constraining the remaining master DoFs to zero. Substituting Eq. (4) into the harmonic 
governing equation in Eq. (2) and pre-multiplying by 𝐓𝐶𝐵
𝑇  yields  
 




ℎ} = 𝑭𝑝𝑠,𝐶𝐵 + 𝑭𝑒𝑥,𝐶𝐵
ℎ + 𝑭𝑛𝑙,𝐶𝐵
ℎ ,   





𝑇 𝐌𝐓𝐶𝐵,   𝐂𝐶𝐵 = 𝐓𝐶𝐵
𝑇 𝐂𝐓𝐶𝐵,   𝐊𝐶𝐵 = 𝐓𝐶𝐵
𝑇 𝐊𝐓𝐶𝐵,   𝑭𝑝𝑠,𝐶𝐵 = 𝐓𝐶𝐵









Note that only a selected few modes out of the total fixed interface modes are contained in 𝚽𝐶𝐵. 
Therefore, the size of 𝜶𝑠 is much smaller than the size of 𝒒𝑠, while the size of 𝒒𝑚 remains 
unchanged after the transformation.  
2.2.3.2. Bi-linear modes  
Despite the significant level of reduction that could be achieved through the application of methods 
such as the CB-CMS [33], a typical vibrating system with intermittent contacts can still pose 
substantial computational challenges arising from the number of nonlinear DoFs present in the 
EoM. The bi-linear modal reduction offers a convenient solution to this challenge by 
approximating the nonlinear characteristics (intermittent contacts) of the system through the 
construction and application of a set of suitable Ritz vectors chosen to approximate the space 
correlations in the system during its forced response. These vectors are a combination of selected 
sets of modes of the sliding linear system (referred to as sliding linear modes) and modes of the 




Figure 2. (a) Contact surface with three different types of contact pairs. (b) Contact conditions 
for the sliding linear system. (c) Contact conditions for the open linear system  
 
Consider the contact conditions at three different contact node pairs in a vibrating system 
with intermittent contacts shown in Figure 2. Node pair A is representative of part (a) of the 
contact, i.e. the contact node pairs that are always sliding during vibration, and are shown by 
symbols ‘ ’. Node pair B is representative of part (b) of the contact, i.e. the contact node pairs 
that are always open during vibration, and are shown by symbols ‘ ’. Node pair C is representative 
of part (c) of the contact, i.e. the contact node pairs that are sometimes sliding and other times open 
during vibration, and are referred to as switching node pairs. The switching node pairs are shown 
by symbols ‘ ’. The nonlinear contact conditions in Figure 2a can be approximated by using the 
characteristics of the two linear systems with special BCs shown in Figure 2b and Figure 2c. 
Specifically, Figure 2b shows the contact condition with all switching node pairs in the sliding 
state. Figure 2c shows the contact condition with all switching node pairs in the open state.  
Once the sliding linear system and the open linear system are defined, BLMs are computed 





Node Pairs C  Node Pairs B  Node Pairs A  Csliding  Node Pair B  Node Pairs A  Copen  Node Pairs B  Node Pairs A  
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 𝐊𝑠𝑽𝑠 = 𝜆𝑠𝐌𝑠𝑽𝑠    and   𝐊𝑜𝑽𝑜 = 𝜆𝑜𝐌𝑜𝑽𝑜,  (7) 
where 𝐌𝑠, 𝐌𝑜, 𝐊𝑠 and 𝐊𝑜 are the mass matrices and stiffness matrices of the sliding and open 
linear systems respectively, 𝜆𝑠 and 𝜆𝑜 are the eigenvalues of the sliding and open linear systems 
respectively, and 𝑽𝑠 and 𝑽𝑜 are the BLMs. Note that the mass matrices 𝐌𝑠 and 𝐌𝑜 are most often 
equal. The stiffness matrix 𝐊𝑠 of the sliding linear system is achieved by appropriately augmenting 
the values of the stiffness matrix 𝐊𝑜 of the linear open system such that the nodes of each switching 
contact node pair are coupled via the penalty a large stiffness 𝑘𝑛 in Eq. (1) (for example by using 
local coordinates 𝑞𝑛 rotated such that they are normal to the contact surface).  
2.2.3.3. BLM selection algorithm  
Building on previous work where BLMs have been used to reduce the size of nonlinear dynamic 
systems [19,42, 47], a new selection process adopted in this paper, as described next.  
First, a frequency-based approach based on the bi-linear frequency (BLF) [8] (for the 
sliding and open linear systems) is used to select a first set of BLMs. This is done because all 
BLMs whose natural frequency is close to the frequency of interest 𝑓𝑁𝐿𝑅 (i.e., the frequency at 
which we seek a solution) might contribute to the dynamics of the nonlinear system, and they must 
be included in the reduction matrix.  
Next, the BLMs in 𝑽𝑠 and 𝑽𝑜 (see Eq. (7)) are ordered in ascending order of their associated 
eigenvalues. Then, BLM pairs are created, with one mode from the sliding linear system and the 
other corresponding mode from the open linear system. The 𝑛𝑡ℎ BLM pair includes the 𝑛𝑡ℎ mode 
in 𝑽𝑠 and the 𝑛
𝑡ℎ mode in 𝑽𝑜. For each BLM pair, a bi-linear frequency range 𝛥𝑓𝑛 is defined as  
 𝛥𝑓𝑛 = [min(𝑓𝑠,𝑛, 𝑓𝑜,𝑛)  max(𝑓𝑠,𝑛, 𝑓𝑜,𝑛)],  (8) 
where 𝑓𝑠,𝑛 and 𝑓𝑜,𝑛 are the natural frequencies associated with 𝑛
𝑡ℎ mode of 𝑽𝑠 and 𝑽𝑜.  
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Next, a frequency range of interest 𝜒ℎ is defined for each harmonic ℎ included in the 
nonlinear forced response process, as  
 (𝑓𝑁𝐿𝑅 −  𝛥𝑓)ℎ ≤  χℎ ≤ (𝑓𝑁𝐿𝑅 +  𝛥𝑓)ℎ,               ℎ = 1,2,… ,𝐻,  (9) 
where 𝛥𝑓  is a user defined input, which defines the size of the frequency range around 𝑓𝑁𝐿𝑅.  
Finally, each bi-linear frequency range 𝛥𝑓𝑛 is compared to each frequency range of 
interest 𝜒ℎ. If 𝛥𝑓𝑛 has an overlap with any of 𝜒ℎ (for all ℎ = 1,2, … ,𝐻), then the 𝑛
𝑡ℎ BLM pair is 
selected and included in the matrix 𝐓 which contains candidate BLMs, namely  
 𝐓 = [ 𝑽𝑠,1, 𝑽𝑠,2, … . . , 𝑽𝑠,𝑛𝑚𝑎𝑥 , 𝑽𝑜,1, 𝑽𝑜,2, … . . , 𝑽𝑜,𝑛𝑚𝑎𝑥  ],  (10) 
where 𝑛𝑚𝑎𝑥 is the largest index of BLM pairs included in 𝑽𝑠 and 𝑽𝑜.  
Once all pairs of BLMs that fit the frequency criteria are included in 𝐓, the algorithm 
proceeds to the next stage of selection described in the next section. Note that the size of the 
candidate BLMs in 𝐓 might vary depending on the magnitude of 𝛥𝑓  in Eq. (9). The potential 
effects (notably the possibility of including excessively many modes in 𝐓) are addressed in the 
next section.  
2.2.3.4. Frequency-adaptive reduction (FAR)  
Previous approaches adopted in predicting the dynamics of systems with intermittent contacts over 
a certain frequency range of interest use the idea that the nonlinear response is dominated by a set 
of bi-linear modes in that frequency range. Hence, it is assumed that the two sets of contact BCs 
for generating the reduction matrix applied during a frequency sweep are the same at all 
frequencies. However, it is often the case that the contact BCs change with frequency. Thus, not 
only do the contact conditions of structures with intermittent contact vary with time, but they vary 
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with frequency also. In addition, being able to accurately represent the three parts (sliding, open 
and switching) of the contact area at each frequency can significantly improve the convergence 
and accuracy of the forced response analysis.  
Next, we propose a frequency-adaptive technique. The main idea is to construct a reduction 
matrix that can be updated easily at every frequency and readjusted to be applied at the next 
frequency. The first step is to initialize the reduction matrix  with BLMs computed by assuming 
a completely sliding contact surface (at the first frequency in the analysis) as described in Eq. (11). 
This initialization is based on the observation that most analyses start at a frequency away from 
the resonant frequency so that the response amplitude of the system is low at the first frequency in 
the analysis, therefore keeping the switching contact conditions at that frequency in the sliding 
state. Hence, at the initialization  
  =  [ 𝑽𝑠,1, 𝑽𝑠,2, … . . , 𝑽𝑠,𝑛𝑚𝑎𝑥  ].  (11) 
At subsequent frequencies in the frequency sweep, the reduction matrix is updated using 
BLMs calculated from the contact conditions of the previous frequency. Herein, this procedure is 
referred to as the modal selection criterion (MSC). The MSC algorithm for updating the reduction 
matrix  allows the addition of modes which are linearly independent of the modes already 
contained in  by projecting each candidate column 𝐓𝑖  (all columns, considering one column at a 
time, starting with 𝑖 = 1) from the candidate BLMs in matrix 𝐓 defined in Eq. (10) onto the current 
reduction matrix. This projection is performed by (least squares) solving the following linear 
equation for 𝒌𝑖  
 𝒌𝑖 = 𝐓𝑖 .  (12) 






 ,  (13) 
where ‖ ‖ is the L2 norm operator. The residual 𝑟𝑖 is compared to a user-defined threshold 𝜀1, a 
positive value less than 1 (𝜀1 < 1). If 𝑟𝑖 > 𝜀1, the candidate BLM being projected is added to the 
reduction matrix  before proceeding to the next BLM candidate. Otherwise,  remains the same. This 
procedure guarantees the full rank of the reduction matrix by avoiding the inclusion of linearly 
dependent BLMs.  
Equation (2) includes not only harmonic terms, but also a static term (0𝑡ℎ harmonic), which 
deserves special attention. In many applications, pre-stress exists in structures before vibrations 
occur. Pre-stress can be due to the assembly process, static forces, thermal gradients, etc. In such 
cases, the static deflection of the structure can be spatially uncorrelated to its dynamic response. 
As a consequence, BLMs in  are likely not representing well the static deflection of the structure, 
and that can have negative consequences on the accuracy of the ROM [19]To improve the ROM 
accuracy, the reduction basis of the 0𝑡ℎ harmonic term is augmented by including the static 
deflection of the structure 𝒒𝑝𝑠 due to pre-stress. 𝒒𝑝𝑠 is obtained by solving  
 𝐊𝒒𝑝𝑠 = 𝑭𝑝𝑠 + 𝑭𝑛𝑙
 .  (14) 
The reduction matrix becomes  
 𝑜 = [   𝒒𝑝𝑠].  (15) 
The governing EoMs of the ROM in the frequency domain can be expressed as  
 
𝐤𝑜𝒑
0 = 𝒇𝑝𝑠 + 𝒇𝑒𝑥
0 + 𝒇𝑛𝑙
0 ,  
[−(ℎ𝜔)2𝐦+ 𝑗ℎ𝜔𝐜 + 𝐤 ] 𝒑ℎ = 𝒇𝑒𝑥
ℎ  +  𝒇𝑛𝑙







𝑇?̂?𝑜,   𝒑
0 = 𝑜
𝑇?̂?0,   𝒇𝑝𝑠
 = 𝑜
𝑇?̂?𝑝𝑠,   𝒇𝑒𝑥
0 = 𝑜
𝑇?̂?𝑒𝑥
0 ,   𝒇𝑛𝑙
0 = 𝑜
𝑇𝑭𝑛𝑙
0 ,  
𝐦 = 𝑇?̂?,   𝐜 = 𝑇?̂?,    𝐤 = 𝑇?̂?,   𝒑ℎ = 𝑇?̂?ℎ,   𝒇𝑒𝑥
ℎ = 𝑇𝑭𝑒𝑥
ℎ ,   
 𝒇𝑛𝑙
ℎ = 𝑇𝑭𝑛𝑙
ℎ ,  
(17) 
with  
 ?̂? = 𝐌,   ?̂? = 𝐂,   ?̂? = 𝐊,   ?̂? = 𝒒,   ?̂?𝑝𝑠
 = 𝑭𝑝𝑠,   ?̂?𝑒𝑥
 = 𝑭𝑒𝑥 ,  (18) 
if the full FE model is used for the BLMs calculation, and  
  ?̂? = 𝐌𝐶𝐵, ?̂? = 𝐂𝐶𝐵, ?̂? = 𝐊𝐶𝐵, ?̂? = 𝒒𝐶𝐵, ?̂?𝑝𝑠
 = 𝑭𝑝𝑠,𝐶𝐵, ?̂?𝑒𝑥 = 𝑭𝑒𝑥,𝐶𝐵, (19) 
if a CB-CMS reduced model is used instead (Appendix A provides details about CB-CMS). 𝐌𝐶𝐵, 
𝐂𝐶𝐵, and 𝐊𝐶𝐵 are the mass, viscous damping and stiffness matrices and 𝑭𝑝𝑠,𝐶𝐵, and 𝑭𝑒𝑥,𝐶𝐵 are the 
pre-stress and excitation force vectors in the CB-CMS coordinates. 
Evidently, repeating the MSC procedure at every frequency within the frequency range of 
interest will gradually increase the size of matrix  such that the ROM size at later frequencies 
will become large. Thus, a modal participation criterion (MPC) is established to address this 
challenge. The proposed MPC algorithm is designed such that BLMs with relatively low 
contribution in the forced response of the system at a certain frequency are eliminated from the 
reduction matrix  before its application in the MSC procedure at the following frequency. The 
condition to eliminate a projection vector 𝑖 (namely column 𝑖 of the projection matrix ) used in 







< 𝜀2 ,                  ∀ℎ =   0,1, … ,𝐻,  (20) 
where 𝒑𝑖
ℎ is the ℎ𝑡ℎ harmonic modal amplitude of projection vector 𝑖 in the reduction matrix . 
𝒑 
ℎ is the ℎ𝑡ℎ harmonic modal amplitude vector. | | denotes the absolute value, and ‖ ‖∞ represents 
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the infinity norm. Using Eq. (20), projection vectors which correspond to subspaces where the 
response of the system is very low are discarded, which can lower the size of the ROM at 
subsequent frequencies.  
The combination of MSC and MPC allows the adaptation of the ROM to contain only 
modes that are more likely to contribute to the prediction of the system’s dynamics. Also, the 
possible effect of a large 𝛥𝑓  to increase the size of the ROM is controlled via the MPC algorithm. 
Figure 3 shows the outline of the reduction method highlighting the MSC and MPC algorithms.  
As a consequence of the variation of the reduction matrix  from frequency to frequency, 
the modal amplitude vector 𝒑 also changes meaning. This poses a slight challenge for the arc-
length continuation solver, which uses the solution at the previous frequency as an initial guess to 
seek the solution at the current frequency. To address this issue, denote by subscript (𝑘) quantities 
computed at frequency step 𝑘. For each harmonic, an initial guess ?̃?
(𝑘)
ℎ
 is created at frequency step 𝑘 
by using the solution 𝒑(𝑘−1)
ℎ  at frequency step 𝑘 − 1. The initial guess ?̃?
(𝑘)
ℎ
 is obtained by first calculating 
an initial guess ?̃?
(𝑘)
ℎ
 in the physical coordinates in the frequency domain. Specifically, ?̃?
(𝑘)
ℎ
 is chosen to be 












ℎ , one obtains  
                         ?̃?(𝑘)
ℎ = (𝑘)
−1(𝑘−1)𝒑(𝑘−1)
ℎ ,             ℎ = 0,1, … ,𝐻, (21) 
where (𝑘)
−1  is the pseudo-inverse of the reduction matrix at current frequency step. Unlike previous 
reduction methods, FAR is suitable for predicting the forced response of a system with multiple 




2.3. Results  
In this section, we explore the efficacy of the proposed method in predicting the dynamics of a 
rectangular plate with a breathing crack, the dynamics of two co-axial cylinders where one is 
partially inserted into the other and the nonlinear behavior of a 3-legged jackup platform. The 
validity and the computational efficiency of the results obtained from the approach in comparison 
with a standard reduction approach is discussed. A CB-CMS model with nonlinear active DoFs at 
all interface contact points and without any further reduction is used as the benchmark to validate 
the proposed approach. 
The first results presented are for systems without pre-stress, where the proposed ROMs 
are compared with the full order analysis. Given that the primary objective of this study is to devise 
a method for the reduction of the nonlinear DoFs in the governing EoMs, CB-CMS is used as an 
initial reduction method in subsequent analyses. Observe that the switch from the full model to the 
CB-CMS reduced model is only to alleviate the unnecessary computational demand associated 
with the application of the full order model, and therefore has no impact on the quality of the 
results obtained with FAR and BLMs.  
CB-CMS is used to reduce the DoFs which are not on the contact surfaces while retaining  
as master DoFs all the other DoFs. For this study, CB-CMS is applied in ANSYS, and the resulting 
mass and stiffness matrices are exported to MATLAB for the nonlinear analysis. With the 
possibility of having multiple solutions within a frequency range, as is common in nonlinear  
solutions, the arc-length continuation solution method is used to solve the nonlinear governing 




Figure 3. The frequency-adaptive reduction (FAR) strategy (ALC represents arc-length continuation)  
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2.3.1. Cracked Plate  
The first case to apply the FAR and BLM reduction described in the previous sections is a 
rectangular cracked plate. Figure 4 shows the geometric configuration of the plate with a lateral 
crack, highlighted by the thick line in the mid-height of the plate. The material properties of the 
plate include the Young’s modulus E = 2.0×105 MPa, Poisson’s coefficient ν  = 0.3, and density ρ 
= 7,800 kg/m3. The plate is modelled in ANSYS using linear solid elements with 8,230 DoFs. For 
this application case, the nodal normal contact stiffness used is 𝑘𝑛= 2.25×10
7 N/m. Note that 
tangential forces in this case do not affect the response of the plate significantly within our 
frequency range of interest because the modes in this range primarily involve the normal separation 
of the crack rather than its transverse/slip motion.  
The crack is modeled with 40 contact pairs whose nodes together with the pre-stress, 
forcing and response nodes form the master DoFs, and the remaining nodes constitute the slave 
DoFs. The total number of DoFs involved in the nonlinear solution is 417. For this this model, our 
attention is focused on the in-plane bending mode of the plate (4th mode). The system is excited as 
shown in Figure 4. Note that the slip motion between contact node pairs is negligible. Also, a 
distributed compressive static force, acting as a pre-stress load, is applied at the top of the plate, 
and the contact condition of the plate at rest is such that all the contact node pairs are in the sliding 
state (Figure 4). Figure 5 shows the first four frequencies and the corresponding linear modes of 





Figure 4. Cracked plate: geometry and pre-stressed contact conditions  
 
204.9 Hz  896.4 Hz  1,152 Hz  1,208 Hz  
    
Figure 5. First four modes of the open linear system (cracked plate)  
The mode selection for the ROM is applied at every frequency with the frequency approach 
based on the BLF selection and the MSC. The MSC value 𝜀1 used for this analysis is 5×10
-4. This 
value is high enough to remove linearly dependent BLMs. Note that this step is an efficient step 
that substitutes SVD for ROM conditioning. Unlike conditioning via SVD, the MSC conditions 
the ROM while keeping the original BLMs in the reduction matrix used to construct the ROM. 
L = 60 mm  
H = 150 mm  
W = 6 mm  
Lc = 37.5 mm  




Hence, an addition/removal of columns in the reduction matrix is simply an addition/removal of 
rows and columns in the ROM matrices.  
The MPC algorithm is applied also at each frequency step. The MPC value 𝜀2 used for this 
analysis is 1×10-3. This value adjusts the size of the ROM by removing modes from  with 
negligible response magnitude. The value chosen for 𝜀2 is sufficiently small to eliminate less 
participating BLMs from the ROM. Thus, the number of nonlinear equations to be solved at any 
given frequency step can be reduced. Such a reduction occurs especially at frequency steps after a 
resonance. Both 𝜀1 and 𝜀2 were selected after a quick convergence analysis on the system with low 
amplitude forcing and zero pre-stress.  
The nonlinear forced response within the frequency range of the first in-plane bending 
mode is shown in Figure 6. Circles indicate results obtained with CB-CMS, which are the reference 
results. The SVD acronym refers to results obtained using the singular value decomposition to 
condition the ROM. In that approach, SVD is applied to reduce the size of the reduction matrix 
used to construct the ROM. FAR refers to results obtained using the proposed FAR approach 
(combining MSC and MPC).  
At frequencies far from resonance, the solution accurately predicts the contact surface to 
be in the completely sliding state. At these frequencies, only two BLMs are required to reduce the 
dynamic equations. As the system approaches the resonant frequency, the number of switching 
contact node pairs that alternate between liftoff/sliding states during each vibration cycle increases 
as shown in Figure 7. At resonance, all contact node pairs are switching (for the magnitude of 
forcing considered), and the maximum ROM size (which consists of 18 BLMs) is used to transform 
the dynamic equations at this frequencies near resonance. At even higher frequencies, the size of 
the ROM gradually decreases as the response amplitude decreases, to a minimum size of 6 BLMs 
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at frequencies when all the contact nodes return to the sliding state.  
  
Figure 6. First in-plane bending response of the cracked plate with pre-stress  
 
As expected in intermittent nonlinear contact systems under pre-stress, the forced response 
curve exhibits a softening behavior. The softening is very significant in this model because of the 
complete liftoff of all the contact node pairs at frequencies around the resonant frequency. Multiple 
solutions are also apparent at frequencies between 1,860 Hz and 1,925 Hz.  
2.3.2. Co-axial Cylinders  
A second application of the proposed approach considers two coaxial cylinders slightly overlapped 
at one of their ends. Both cylinders are fixed at their other ends and at two nodes each along the 
length of the cylinders, as shown in Figure 8. This type of setup is similar to some section in the 
hull-leg assembly of some offshore structures.  
As a first analysis, a harmonic transverse force is applied to the node labelled F1 on cylinder 2, 
and the forced response is computed at the node labelled R1 on cylinder 1. First, we consider the 
case where there is zero pre-stress on the overlapping surfaces. This analysis is useful to study the 
system response around its first resonance to identify possible ranges of values for 𝜀1 and 𝜀2 
required for the MSC and the MPC algorithms as well as to determine the sufficient number of 
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Figure 7. Changes in the contact area over frequency for a cracked plate  
(‘o’ indicates sliding node pairs, and ‘*’ indicates switching node pairs)  
harmonics needed for convergence. Five harmonics were deemed sufficient and retained in the 
HMB. The values of 𝜀1 and 𝜀2 used for this analysis are 5×10
-5 and 1×10-3 respectively. 
 
Figure 8. Two co-axial cylinders (dimensions are in mm)  
Note that even though 𝜀1 and 𝜀2 are not necessarily limited to specific values, 𝜀1 must be large 
enough to avoid singularity of the reduction matrix, and 𝜀2 must be small enough to retain only 










To begin the mode selection process, the BLF modal selection procedure was used as a 
preliminary process to identify potential candidates from the modes obtained from the linear 
systems with sliding and open BCs at the contact. The modes resulting from this process are then 
considered and re-selected in the MSC algorithm.  
The MSC procedure described in the previous section is used to select candidate modes to 
be included in the ROM at every frequency. For the zero pre-stress case, the first four modes of 
the linear system with complete sliding BCs were used to initialize the selection process. The 
purpose of choosing so many modes rather than just one or two is to probe the effectiveness of the 
𝜀2 value used in the MPC algorithm, and to ascertain the elimination of unresponsive modes. It is 
important to note that the frequency range from which the preliminary candidate modes are 
selected in our approach via the BLF selection procedure does not necessarily need to be very 
narrow.  
As shown in Figure 9 (left), the nonlinear forced response of the assembly via the FAR 
method accurately describes the vibration of the system with less than 0.05% error in amplitude, 
and less than 0.02% error in frequency at resonance.  
To further challenge the proposed approach, a second analysis involving an initial pre-
stress of the contact surface is carried out. For this analysis, static forces are applied on the contact 
nodes of cylinder 1 in the outward radial direction. This action induces a stress on the contact 
surface, therefore keeping all the contact node pairs in the complete sliding state before vibration. 
The forced response of the assembly was obtained by a procedure similar to the case of zero pre-
stress, and is shown in Figure 9 (right). The number of contact node pairs converting from the 
sliding state to the switching state gradually increases as the frequency increases and the expected 
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softening effect is manifest around the resonant frequency where about 65% of the contact node 
pairs are in the switching state.  
  
Figure 9. First bending response of the two coaxial cylinders without pre-stress (left) and with 
pre-stress (right) 
As shown in Figure 10, at the beginning of the analysis when the frequency is low, all 256 
contact pairs are in sliding during the entire vibration, and hence only 4 modes are sufficient to 
predict the response at these frequencies. As more contact node pairs start to switch, the size of 
the ROM grows up to 55 modes at the resonant frequency. Beyond the resonant frequency, the 
ROM gradually decreases in size as switching node pairs return to the sliding state. The ROM has 
18 modes when all the contact nodes are back to the sliding state. Note that there are more modes 
at the end of the analysis than at the beginning of the analysis although the contact conditions are 
similar in both situations. The reason is that higher frequency modes start to be involved in the 
vibration of the system as the frequency increases. The higher frequency modes are not included at the 




Figure 10. Changes in the contact area over frequency for the two coaxial cylinders with pre 
stress (‘o’ indicates sliding node pairs, and ‘*’ indicates switching node pairs)  
 
A parametric study of the novel approach is carried out by varying𝜀2, which regulates the 
size of the ROM at every frequency step. Relatively high 𝜀2 values result in smaller ROM sizes 
both at and beyond the resonant frequency, which correspond to shorter computational time. 
However, results show that the errors accrued are significant. An optimal value of 1×10-3 was used 
for 𝜀2 in this analysis which gives a solution with good balance between the ROM size (55 modes 
at resonance, and 18 modes on completion) and the predicted error (0.02% error in frequency, and 
0.04% error in amplitude).  
A second analysis is carried out to further explore the effectiveness of the proposed 
approach. In this case, the analysis is done over a wide range of frequency with the system excited 












Table 1. Parametric study on the MPC value 𝜀2 for the two co-axial cylinders with pre-stress  
MPC value 
𝜀2 
ROM Size % Error at Resonance 
Start Resonance End Amplitude Frequency 
1×10-4 4 88 32 0.04 0.02 
1×10-3 4 55 18 0.04 0.02 
1×10-2 4 39 16 1.20 1.00 
5×10-2 4 30 15 5.40 4.80 
 
of the system is broken by adding the constraints labeled C1 through C4 shown in Figure 8. The 
first four modes of the system are shown in Figure 11 (top) together with their natural frequencies. 
The system is excited at nodes F1 and F2 shown in Figure 8 with similar forcing magnitude, but 
with 90o phase difference. The forced response is tracked at nodes R1 and R2, and the multiple 
excited resonant frequencies are shown in Figure 11 (bottom). From a computational point of view, 
it is better to begin the simulation from the upper limit of the frequency range to ensure that the 
size of the ROM applied at frequencies between distant resonances (5,230 Hz to 11,959 Hz in this 
case) is minimal. The size of the ROM is sampled at 7 frequencies labelled A through G. Figure 
13 shows the ROM sizes at these 7 frequency locations. The results in Figure 12 show the variation 
of the ROM size over frequency, which demonstrates the adaptability of the ROM to contain only 




2.3.3. Jackup Platform  
The coaxial cylinders analyzed in the previous section up can be found in the hull-leg assembly of 
fixed offshore structures like such as jackup platforms [48,49]. To further demonstrate the 
applicability of the FAR approach for structures with higher geometric complexity, a 3-legged 
  
 
Figure 11. First four modes of the two co-axial cylinders (top), and the forced response obtained 
using FAR applied to multiple resonance excitation of the two co-axial cylinders with pre-stress 
(bottom)  
jackup platform (shown in Figure 13) is investigated. The bottom ends of the legs are connected 
to the seabed and thus we model them as fixed to the ground. The triangular hull is attached to the 
3 legs which can be moved axially with respect to the hull (allowing for raising or lowering the 
legs). 




Figure 12. Variation of ROM size over the multiple frequency locations A-G shown in Figure 11  
 
In this analysis we consider that the connection between the hull and one of the legs exhibits 
intermittent contacts. Specifically, we consider that separation and sliding (i.e., intermittent 
contact) may occur at the interface between the hull and the third leg. We further consider that the 
leg is assembled to the hull with radial prestress. Thus, intermittent contact node pairs exist at the 
contact interface on leg 3. To simulate hydrodynamic loads, the system is harmonically excited at 
points A and B. Figure 14 (top) also shows three modes of the platform dominated by leg bending. 
The first two modes (left and center) are for the fully open contact node pairs, and the third mode 
(right) is for the fully sliding contact node pairs. Figure 12 (bottom) shows the resulting nonlinear 
response at point C (shown in Figure 11) obtained using the FAR method and the conventional 
CB-CMS.  
Similar to the cases of the cracked plate and co-axial cylinders discussed in sections 3.1 and 3.2, 
the platform vibrates with low amplitude and closed contacts at low non-resonant frequencies. As 
the frequency increases, the number of contact node pairs that switch (from sliding to open) during 
each vibration cycle increases until the resonance is reached. This explains the softening behavior 
























resonant frequency, the system continues to harden as the number of switching node pairs 
decreases until all contact node pairs return to being closed during the entire vibration cycle. 
 
Figure 13. Jackup platform model with local intermittent contacts at then interface between the 
hull (triangular shape) and leg 3. 
 
The platform is modelled with over 700,000 DoFs. That model was reduced to 6,078 DoFs by the 
CB-CMS reduction (applied only to the DoFs not involved in the contact) and without any BLM 
reduction. Application of the FAR approach with similar MSC and MPC values as in the case of 
the coaxial cylinders, resulted in a ROM size of 2 at states when the contact node pairs are fully 
sliding and a maximum ROM size of 61 at resonance.  
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2.3.4. Computational Efficiency  
Since ROMs require calculation time for their generation, the use of ROMs is most frequently 
justified if they allow for higher computational efficiency with respect to state-of-the-art 
approaches, like full FE models or classical reduction techniques, like CB-CMS, commonly 




Figure 14. The top 3 images show two modes of the jackup platform with fully open contact (left 
and center), and one mode with fully sliding contact; the bottom plot shows the amplitude of the 
nonlinear response of the jackup platform at point C obtained using two computational methods 
(FAR and CB-CMS) 
0.4245Hzz 0.6776Hzz 1.6051Hzz 
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To examine the computational effectiveness of the proposed approach, the average calculation 
time per iteration for other approaches, namely the reference CB-CMS approach and the approach 
based on SVD reduction, are computed over the same frequency range (Table 2).  




SVD Conditioning  FAR 
Rectangular Plate 15 1.8 0.5 
Co-axial Cylinders 1221 184 56 
 
Both the SVD conditioning and the FAR approach utilize the BLM reduction, and hence 
they are relatively fast. The FAR approach gains a significant time advantage over the SVD 
conditioning approach and even more so over the CB-CMS approach because the ROM applied in 
the reduction process is adapting depending on the changes in the contact conditions at every 
frequency. Therefore, the excess computational time consumed by the presence of less 
participating modes in the ROM is eliminated.  
2.4. Conclusions  
A reduced order modelling strategy was presented to analyze the dynamics of structures with 
intermittent contacts. In this approach, the state-of-the-art HBM was used to transform the 
governing equations of motion from the time to the frequency domain, and generalized bi-linear 
modes that correspond to normal modes of linear systems with special boundary conditions at the 
contact surfaces were applied to reduce the number of equations of motion. The proposed method 
is characterized by an adaptive strategy, namely frequency-adaptive reduction, used to determine 
adaptively the extent of the contact area during vibration. The modal participation factor and modal 
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selection criteria algorithms were developed to automatically update and select the optimal size of 
the ROM needed for the reduction strategy at every frequency step.  
The proposed reduction method was applied to two systems exhibiting vibrations with and 
without pre-stress. The results demonstrate the accuracy of the resulting adaptive ROMs in 
predicting the nonlinear forced response of the system in broad frequency ranges. The use of the 
frequency-adaptive ROM rather than a constant ROM approach or the classical CB-CMS approach 
allows significant computational time savings without significant loss of accuracy. The proposed 
method is able to accurately predict both softening and hardening behaviors expected for contacts 
that are initially open or initially sliding. Even though the method was shown as applied to specific 
cases, it can also be extended to other complex geometric applications with localized intermittent 







3. Nonlinear Substructuring for Multiple Intermittent Contacts: FAR 
Approach 
3.1. Introduction 
The design and analysis of various structural applications have continued to evolve over the years 
as the interest in predicting the behavior of recent and complicated systems grows. An example of 
such situation include understanding the dynamics of structures with multiple intermittent contact 
such as cracks, joints, or combination of both. Structural application of such systems include, but 
not limited to, turbine blades with multiple cracks, hull-legs interactions of a Jackup platform etc. 
Obtaining solutions of these highly nonlinear systems usually require fine model discretization 
especially around the neighborhood of the contact interfaces and also require efficient iteration 
techniques to handle the high volume of iteration associated with nonlinear mathematical models. 
The computational capacity needed to solve these problems is high and limited despite growing 
computing capacities in recent years. These limitations make model order reduction techniques an 
important research focus in the field of structural dynamics. 
The conventional component mode synthesis (CMS) [50][51][52] has been adopted in the 
past to tackle some of these challenges through modal reduction and assembly of substructured 
components, which can lead to a very large finite element system. Several other improved 
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approaches of this technique has been suggested to accommodate special variabilities [53], 
however handling systems with multiple contact nonlinearities via substructuring techniques can 
be further explored. The present work is directed at contributing to the endeavors of the structural 
dynamic community in providing novel and efficient reduced-order modelling techniques well 
suited to the study of large systems with local intermittent contact nonlinearity. In this work, we 
introduce a method relying on a substructuring approach to benefit from the flexibility of standard 
CMS techniques. The main feature of this method combines the bilinear reduction of local contact 
nonlinearities using the frequency adaptive reduction (FAR) with a modified interface 
characteristic constraint reduction to handle systems with multiple local nonlinearities. 
The steady-state response of the nonlinear system will be obtained using the harmonic 
balance method (HBM). The HBM has already shown its high analytical efficiency in obtaining 
the nonlinear forced response of structures with local contact nonlinearities [54]. The main 
challenge of HBM is that the size of the nonlinear equations is increased by a factor equal to the 
number of retained harmonic coefficients. In spite of this, the HBM is preferable to traditional time 
iteration methods used to solve nonlinear systems e.g. using Runge-Kutta, Newmark approach 
[55] because of their computational constraint for the dynamic analysis of large FE structures, 
since small time steps are always required for capturing high frequency dynamics on contact 
interfaces [56]. Therefore, a preferable approach to solve these nonlinearities in a large assembly 
using HBM is to reduce the model size by several orders of magnitudes via reduced order modeling 
(ROM) techniques [46]. It is however worthy of note that it is generally impossible to generate a 
closed form equation for the harmonic expression of nonlinear forcing functions that are included 
in the frequency domain HBM equations. The alternating frequency-time technique (AFT) [6][46] 
has been previously proposed to address this issue. This conventional practice [57-67] involve the 
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numerical computation of the nonlinear forces in the time domain as a function of displacements 
using Fourier transforms, augmentation of the result as may be necessary, and finally converting 
back into the frequency domain using inverse flourier transform. 
The component mode synthesis (CMS) techniques have been severally applied toward the 
modal reduction of large scaled linear and nonlinear structures. The type of the technique differs 
by the method of development and selection of the Ritz vectors used to perform the model 
reduction. Hurty and Craig-Bampton being early developers of this technique employed the fixed 
interface vibration modes [[52] [68] to reduce components of linear systems. Both methods are 
very efficient in the order reduction of large systems with localized nonlinearities. These CMS 
techniques reduces each linear subcomponent model with few selected fixed-interface modes and 
fully retained static constraint modes to account for internal and interface deformations 
respectively. The nonlinear subcomponent elements are then integrated through their retained 
nodes. For FEA models with many subcomponents and large interface DoFs, the size of the CMS 
model can be very large as it is directly proportional to the size of the static modes and the number 
of DoFs involved in nonlinearities [69]. If not addressed, solving such a reduced order model with 
too many DoFs would obviously impact the convergence speed.  
Bilinear reduced order model is one of the early techniques used in the linearization of 
systems with nonlinear intermittent contacts. It is based on the ideas of using bilinear modes 
(BLMs) to represent the dynamics of local piecewise linear systems [42][9][19]. BLMs are the 
associated normal modes of linear systems with special boundary conditions (BCs) at the surface 
where the intermittent contact occurs. The concept of BLM through FAR [70] was used to 
accurately predict the nonlinear dynamics of a prestressed rectangular cracked plate with 
intermittent contact by adaptively selecting the generated modes at every solution frequency. Other 
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techniques developed via the idea of BLM include bilinear amplitude approximation (BAA) [71] 
and piecewise linear modes (PLMs) [47]. The former calculates amplitudes of the periodic 
nonlinear steady-state response at resonant frequencies using modes similar to BLMs and the latter 
is used to generate ROMs consisting of normal modes of the piecewise linear systems, which 
approximate the instantaneous structural dynamics of the nonlinear system. BLMs can also be used 
to capture the nonlinear response of a system by approximating the dominant POMs calculated 
from the nonlinear response. The contribution suggested in this paper is to apply this concept in 
manner that accommodates the analysis of newly formed local nonlinearities within the system 
without necessarily remodeling the entire system. 
To address the CMS technique inefficiency associated with retaining full size DoFs at the 
boundary interfaces, various interface reduction techniques have been propose to condense these 
static impulse modes. In Ref [72], Becker and Gaul developed the common interface reduction 
method to obtain and efficiently select interface constraint modes when using the Craig-Bampton 
CMS (CB-CMS). In this approach, a secondary modal analysis of the coupled global matrix of the 
system containing reduced constraint modes from the initial sub-model modal analysis. Numerical 
convergence can sometime be an issue with this technique because it lacks enough local flexibility 
in the interface that allow for a better accurate description of the interface movement. In Ref [73], 
Hong et al. proposed another approach for reducing the local interface by performing secondary 
eigenanalysis on the sub-models of a CB-CMS ROM. This allows for the characteristic constraint 
modes to be determined without knowledge of the adjacent structure(s). Another approach to 
reduce the number of nonlinear DOFs was developed by generating joint interface modes (JIMs) 
[74]. As proposed by Witteveen, JIMs are generated by statically condensing the whole structure 
to the joint interface DOFs while maintaining Newton’s third law on the interface. This produces 
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a reduced system that is used for a secondary modal analysis with the resulting modes referred to 
as JIMs. Trial vector derivatives (TVDs) approach [75][18] is another method of computing joint 
modes based on modal derivatives. Modes generated with TVD tend to span the solution subspace 
of the nonlinear system by improving the subspace generated by CMS. TVDs are obtained by the 
first-order Tyler expansion of the CMS generated subspace. Proper orthogonal decomposition 
(POD) is then used to obtain the most influencing TVD vectors. Other interface reduction ideas 
can be explored in [76][74]. 
The objective of this paper is to perform analyze the theory behind the synthesis of 
frequency adaptive bilinear reduced order created with fixed-interface and characteristic constraint 
modes. The methodologies to compute bilinear ROMs using FAR and the derivation of the 
characteristic constraint modes and how to use these in a substructuring framework to solve 
systems with multiple local contact nonlinearities. The proposed concept is applied to two cases 
namely; rectangular flat plate with double crack and an offshore platform with multiple hull-legs 
in intermittent contact. 
3.2. Substructuring 
Consider a finite element model of a structure with multiple intermittent contacts divided into 𝑁𝑠 
non-overlapping substructures and such that no two substructures share similar intermittent 
contact. In other words no partitioning line crosses the intermittent contact surface areas. Figure 
15 below illustrates such system with a rectangular plate connected to three cylinders such that 
each of the cylinders is centered at three of the plate’s quadrants. The plate and the cylinders 
contact interfaces will experience intermittent contacts if externally excited. The equation of 
motion governing each subcomponent can be written as  
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 𝐌(𝑠𝑖)?̈?(𝑠𝑖) + 𝑪(𝑠𝑖)?̇?(𝑠𝑖) + 𝐊(𝑠𝑖)𝒒(𝑠𝑖) = 𝑭𝑝𝑠
(𝑠𝑖) + 𝑭𝑒𝑥
(𝑠𝑖) + 𝑭𝑛𝑙
(𝑠𝑖),           𝑓𝑜𝑟 𝑖 = 1,…𝑁 (22) 
where ( )̇ represents a time derivative and superscript (𝑠𝑖) indicates the variable for subcomponent 
𝑠𝑖. For substructures with intermittent contacts, 𝐌
(𝑠𝑖), 𝑪(𝑠𝑖) and 𝐊(𝑠𝑖) are the mass, viscous 
damping and stiffness matrices associated with fully open (no contact) contact node pairs on the 
contact interfaces. 𝑭𝒑𝒔
(𝑠𝑖) is the vector of pre-stress forces, 𝑭𝒆𝒙
(𝑠𝑖) is the excitation vector, 𝑭𝒏𝒍
(𝑠𝑖) is the 
vector of nonlinear contact forces acting on the contact nodes of nonlinear substructures 𝑠𝑖, and 
𝒒(𝑠𝑖) is the vector of physical DoFs.  
 
Figure 15. An illustration of a partitioned rectangular plate with linear and nonlinear 
substructures 
3.3. Component Mode Synthesis 
A knowledge of the stress concentrations in a structure is an important early design process 
computed from the static analysis of the finite element models of the structure. Such FE models 
often contain very large DoFs because of fine meshing required for computational accuracy. The 










However, using the same refined model for dynamic problems, such as computing vibration 
modes, harmonic and transient responses, results in unacceptably long computation times making 
the time required for handling similar model with nonlinearities even ridiculously longer. In the 
same vein, stress fluctuations or stress increase in certain parts of a structure can lead to newly 
developed local nonlinearities which were initially not accounted for in the initial FE model. 
Remodeling the entire system at every occurrence of such new nonlinearity can be very demanding 
and redundant. Hence the need for a reduction method that reduces the size the dynamic problem 
without modifying the model’s mesh and allows for handling existing and newly formed local 
nonlinearities only within the neighborhood of their existence.   
Similar to modal superposition, the full set of physical DoFs, 𝒒(𝑠𝑖) is approximated by a set 
of displacement shapes and corresponding amplitudes called the generalized DoFs as 
 𝒒(𝑠𝑖) = ?̃?(𝑠𝑖)?̃?(𝑠𝑖) (23) 
where ?̃?(𝑠𝑖) ∈ 𝑹𝑛𝑥𝑚 is the reduction transformation matrix with 𝑚 < 𝑛.  Generally, CMS 
technique involves three major steps. First, the large model is partitioned into substructures as 
earlier explained. Then the substructures are discretized and reduced using Eq. (23) such that the 
resulting set of DoFs consists of a mixture between physical and generalized DoFs (only the 
internal DoFs are reduced). However, in the present work, we intend to construct the reduction 
matrix 𝐓 to transform all the physical DoFs (internal, contact and boundary DoFs) into fewer 
generalized DoFs. Finally, the global model is obtained by assembling the substructures. Usually, 
coupling of substructures using the generalized coordinates 𝒑 is a rather difficult task and is 
generally rarely done in CMS procedures because the DoFs on the substructure boundaries are not 




















































(𝑠𝑖), and  𝒒𝑛𝑙
(𝑠𝑖) are the physical internal DoFs, physical boundary DoFs and the 
physical contact interface DoFs of substructure 𝑠𝑖. 𝒑𝑖
(𝑠𝑖)is the generalized internal DoFs. 𝜱(𝑠𝑖), and 
𝜳(𝑠𝑖) are the fixed interface modes and constraint modes for the substructure 𝑠𝑖. Obtaining 𝜱
(𝑠𝑖) 
for the linear structures has been developed in previous literatures [77][68], however the constraint 
modes of substructures with contact nonlinearity is explained next. 
3.4. Model Reduction 
The structure described in Figure 15 can be conveniently partitioned into four equal sectors; three 
sub-models with intermittent contacts and one without contact as depicted by the schematic 
representation in Figure 16. In order to reduce the EoMs of each subcomponents as shown in Eq. 
(22), the equations are projected onto the reduction transformation matrix 𝐓(𝑠𝑖) containing a set of 
Ritz vectors needed to capture the kinematics of each substructure. The reduction transformation 
matrix applied to the EoM of structures without nonlinearities (linear structure) is very similar to 
CB-CMS reduction matrix with very slight changes that will be explained later. However 
constructing 𝐓(𝑠𝑖) for a nonlinear substructure requires special attention and is detailed in 




𝐌(𝑠𝑖)𝐓(𝑠𝑖)?̈?(𝑠𝑖) + 𝑪(𝑠𝑖)𝐓(𝑠𝑖)?̇?(𝑠𝑖) + 𝐊(𝑠𝑖)𝐓(𝑠𝑖)𝒑(𝑠𝑖) = 𝑭𝒑𝒔
(𝑠𝑖) + 𝑭𝒆𝒙
(𝑠𝑖) + 𝑭𝒏𝒍
(𝑠𝑖),    𝑓𝑜𝑟 𝑖 =
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𝐌(𝑠𝑖)𝐓(𝑠𝑖),   𝐂 
(𝑠𝑖) = 𝐓(𝑠𝑖)
𝑇




















Figure 16. Schematic representation of the discretized model 
Substructure 2 Substructure 1 





























In this work we use the fixed-interface modes developed in [25] as the internal modes for 
the linear components and fixed-interface bilinear modes as internal modes for substructures with 
nonlinearities. Note that for the linear subcomponent, while any linear substructuring (e.g. CB-
CMS) modal bases could be used for its reduction, the reduction bases developed hereafter is 
preferable because of the nonlinear effect that neighboring substructures can have on the dynamics 
of common boundaries.  
3.4.1. Fixed Interface Bilinear Reduction 
Various previous works [39][40] have in the past employed bilinear reduction method in 
the approximate reduction of a nonlinear system with intermittent contact. The idea of bilinear 
reduction hinges on the concept that the nodes at the interface of a contact area will either be open, 
closed or switching (i.e. in intermittent contact) over given period of vibration. Therefore, the 
nonlinear behavior exhibited by nodes with intermittent contact can be modelled using its linear 
characteristics at open and closed conditions. Consider the fixed interface bilinear reduction of the 
fourth subcomponent in Figure 17, and assuming all the nodes at the contact interface are 
switching, then the first linear system is when a stick boundary condition is enforced on the contact 
node pairs and the subcomponent interfaces are fixed (Figure 17).  The second linear system is 
derived by allowing an open condition between contact nodes pairs at the contact interface and 
imposing fixed boundary conditions at the subcomponent interfaces (Figure 17).  
























(𝑠𝑖) are the respective mass matrices and stiffness matrices of the 
stuck and open linear systems of substructure 𝑠𝑖 with local nonlinearities, 𝝀𝒄,𝒄 and 𝝀𝒄,𝒐 are the 
eigenvalues of the stick and open linear systems respectively, and 𝑼𝑐
(𝑠𝑖) and 𝑼𝑜
(𝑠𝑖) are the fixed 
interface bilinear modes (FI-BLMs) of the substructure. Candidate FI-BLMs within the solution 












Figure 17. Bilinear expansion of substructure 4 using fixed interface bilinear modes (FI-BLM) 
 
Note that the stuck condition can be obtained by augmenting and coupling the normal 
stiffness values corresponding to the contact pair nodes in the subcomponent stiffness matrix𝐊(𝑠𝑖). 
Having obtained the FI-BLMs, we use the FAR modal selection technique described in [70] to 




Fixed boundary interfaces 
FI-BLM 
Switching contact nodes 
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select the optimal set BLMs adequate to capture the dynamics of the subcomponent. The FAR 
method thrives on selection of new BLMs to update the reduction matrix at every frequency step 
and at the same time eliminating redundant BLMs from the matrix. This allows for faster 
convergence in   that it corrects the assumption that all nodes at the contact interface are switching 
nodes and avoids considerably reduces the number of equations solved at every frequency. FAR 
is composed of two main proponents namely; modal selection criteria (MSC) and modal 
participation criteria (MPC). At the MSC stage, new BLMs are generated from the updated contact 
boundary condition of the component at the current frequency of solution and each of the new 
BLMs are tested for linear independence with the vectors in the current reduction matrix. If the 
BLM is linearly independent with the reduction matrix such that the residual is much lesser than 
one, then the BLM is added to reduction matrix otherwise the BLM is disregarded at that 
frequency. The MPC is necessary to continually reduce the size of the reduction matrix by 
eliminating vectors with relatively low modal amplitude at immediate solution frequency.   
Below is the summary of FAR selection and elimination procedure required to compute the 
internal DoFs reduction matrix 𝚽 
(𝑠𝑖) for substructures with contact nonlinearity: 
a. Initialize the internal DoFs reduction matrix 𝚽 
(𝑠𝑖) to include modes generated with the 
initial state of the contact surface.  
b. Generate FI-BLMs and concatenate them in matrix 𝚽 
(𝑠𝑖) 
c. Check linear independence of vectors in 𝐁(𝑠𝑖)  and matrix 𝚽 









, where 𝚽 
(𝑠𝑖)𝒌𝑛
(𝑠𝑖) = 𝐁𝑛
(𝑠𝑖) for 𝑛 = 1, 2, 3……m 
d. If 𝑟𝑛
(𝑠𝑖) ≪ 1, then 𝐁𝑛
(𝑠𝑖)is included in matrix 𝚽 
(𝑠𝑖)  
e. Apply reduction matrix 𝚽 
(𝑠𝑖) to EoM and solve for modal amplitudes 𝒑𝐹𝐴𝑅
(𝑠𝒊)  






< 𝜀2 ,   where 𝜀2 ≪ 1  
g. Repeat steps (b)-(f) at next frequency step.  
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3.4.2. Boundary Interface Reduction    
Besides the fixed interface modes, constraint modes 𝜳(𝑠𝑖) are included in the reduction matrix of 
substructures in order to account for deformations at the boundary, or interface DoFs. Without the 
interface reduction, one constraint mode is required to be computed for every interface nodes by 
computing the static deflection to a unit displacement at each boundary DoF while holding all the 
other boundary coordinates fixed. Since this is a static mode type, the derivation will start with the 






























In order to determine how the internal DoFs displace due to displacements of the boundary DoFs, 












(𝑠𝑖)−𝟏 is the inverse of −𝐊𝑖𝑖
(𝑠𝑖) and may be interpreted as the flexibility (inverse stiffness) 
of the internal DoFs. Similarly for substructure with contact, 



















































Since the dynamic effect of the contact nonlinearities on the internal DoFs has been captured by 







The above results show that the static constraint modes is the same irrespective of the type of the 
substructure. 
In many applications like the case being considered, the DoFs at the boundary interface 
can be very large i.e. size of  𝚿(𝑠𝑖) is large compared to the number of vectors in 𝚽 
(𝑠𝑖) therefore 
impacting the overall reduction process. The boundary interface reduction proposed here is similar 
to that suggested by Castanier et. al. [25], where characteristic constraint modes were used in the 
boundary interface reduction. This idea involves the calculation of a secondary eigenvalue analysis 
on the assembled linear mass and stiffness matrices corresponding to the boundary interface DoFs. 
While this technique is similar to what we propose, the difference is that our idea includes 
nonlinear contact effect at the substructure. This is accomplished by imposing the bilinear 
boundary conditions at the contact surfaces before performing the secondary eigenanalysis of 
paired assemblies. A reduction of these boundary interface DoFs can be achieved through system-
level characteristic constraint modes (slightly) different approaches involving a secondary modal 
analysis. This approach is initiated by first assembling the substructures in pairs using the primal 
formulation [68][78].  
As an example, and without any loss of generality, coupling subcomponents 𝑠𝑖 and 𝑠𝑗 from 
our model produces the following undamped, free equations of motion  






















































































































A second modal analysis is performed on the assembled mass and stiffness matrices corresponding 
to the contact and boundary DoFs highlighted by the boxes in Eq. (41). As stated earlier, bilinearity 
is used to resolve the nonlinear contact effect in the assembly. For example, if we consider the 
subassembly between two substructure with nonlinearity (e.g. subassembly between substructure 
3 and 4 as shown in Figure 18), four combinations of eigenanalysis is performed  
 


















































































where the underbar, ‘   ’, represent quantities of the contact and boundary interfaces between 
subassemblies. Subscripts ‘𝑜’ and ‘𝑐’represent open and closed (stuck) contact conditions and are 




represent the contact-boundary stiffness matrix of subassembly𝑠𝒊, 𝑠𝒋 (which 
includes substructures 𝑠𝒊 and𝑠𝒋) when switching contact nodes of substructure 𝑠𝒊 is open and 






generally referred to as the bilinear boundary constraint modes. Note that in the case of 
subassemblies with only one nonlinear substructure, only two eigenanalysis will be performed (i.e. 
similar to the FL-BLM eigenanalysis in Eq.(42) but with the appropriate subassembly mass and 
stiffness matrices).  
All the bilinear boundary constrain modes whose frequencies are within the solution 







where 𝐕 is the matrix containing frequency based selection of the bilinear boundary constraint 
modes. A second selection process is conducted on the candidate vectors in ?̂? 
(𝑠𝑖,𝑠𝑗) to ensure 
proper conditioning of the reduction matrix. To do this, we again employ the FAR selection 
technique [70] as summarized earlier. The outcome of this selection yields the boundary reduction 
matrix ?̂?𝑏
(𝑠𝑖,𝑠𝑗)
for the interface between substructure 𝑠𝒊 and 𝑠𝒋. Note that ?̂?𝑏
(𝑠𝑖,𝑠𝑗)
only contains the 
DoFs associated with only the nodes at the boundary. The number of vectors in ?̂?𝑏
(𝑠𝑖,𝑠𝑗)
 is lesser 
than the physical DoFs in the boundary interface and can therefore applied to reduce the boundary 
DoFs shared by subassemblies 𝑠𝒊 and 𝑠𝒋 during their respective substructure reduction. In order 
58 
 
words, after computing all the boundary reduction matrices from all subassembly combinations, 
all the boundary reduction matrices associated with each substructure 𝑠𝒊 are arranged in a block 
diagonal matrix to form boundary reduction matrix ?̂?𝑏
(𝑠𝑖,𝑠𝑗)
 for that substructure. The number of 
blocks is equal to the number of substructures that are connected to the substructure being 
considered. For our model, each substructure is connected to two other substructures hence the 











where = 1,2…4 , 𝑗 and 𝑘 are the numerical representation of the substructures sharing boundaries 
with substructure 𝑠𝑖. Figure 19 below shows the construction of the boundary reduction matrices 
for our model. 
 











































Now we apply𝚽 
(𝑠𝑖), 𝚿(𝑠𝑖)and ?̂?𝑏
(𝑠𝑖) to develop a robust reduction transformation 𝐓(𝑠𝑖) needed to 
reduce all physical DoFs 𝒒𝑏
(𝑠𝑖) to the generalized coordinates 𝒑𝑏
(𝑠𝑖) (as in Eq.(23)) as 
 





























































3.5. Global Assembly 
To predict the overall dynamics of a substructured system, the mass and stiffness matrices as 
obtained in Eq. (29) for each substructure have to be assembled. This final process has to been 
done such that neighboring substructures interact with each other after assembly. To achieve this, 
the compatibility and equilibrium conditions needs to be satisfied at the boundaries. Compatibility 
ensures that the boundary displacement fields 𝒑𝒃
(𝑠𝑖) of connecting substructure boundaries must be 
identical. In other words, 𝒑𝑏
(𝑠1) − 𝒑𝑏
(𝑠2) = 𝟎 must be satisfied at all connecting boundary nodes. 
Equilibrium condition enforces that the connection forces between neighboring substructures must 
be equal in magnitude and opposite in direction. Assembling the substructured EoMs using 
standard finite element techniques automatically causes the unknown reaction forces at the 
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boundary to cancel (i.e. satisfying the equilibrium condition), and the resulting EoM for the 
assembled system becomes,  
where,  








(𝑠1) 𝟎 𝟎 𝟎
𝟎 ?̅? 
(𝑠2) 𝟎 𝟎
⋮ ⋮ ⋱ ⋮











(𝑠1) 𝟎 𝟎 𝟎
𝟎 𝐂 
(𝑠2) 𝟎 𝟎
⋮ ⋮ ⋱ ⋮






















(𝑠1) 𝟎 𝟎 𝟎
𝟎 ?̅? 
(𝑠2) 𝟎 𝟎
⋮ ⋮ ⋱ ⋮



























































 Next we need to couple the substructure with a Boolean operator that satisfies both the 
compatibility condition stated above. Such coupling can be done in two ways; primal and dual 
assembly. The first results in a set of unique boundary DoFs, whereas the latter retains the full set 
of global DoFs. In this research primal assembly is considered because compatibility can be easily 
enforced since the boundary modes are computed via subassemblies. This global assembly method 
is intuitive in application, but has the limitation that assembled interfaces must have conforming 
meshes. Boundary DoFs of one substructure will be eliminated such that any adjacent components 
share the same set of interface DoFs. The unique set of degrees of freedom that is retained after 
primal assembly will be denoted by  ?̂?. Primal assembly only works for matching interface meshes 
and therefore it does not matter which displacement field is retained and which is eliminated. For 



















































































































In the above, only the unique boundary DoFs of substructure 𝑠1, 𝑠2, and 𝑠3 were retained in the 
assembled system. Applying the transformation in Eq. (51) above to the combined equation of 
motion in Eq.  (49) we have  
 𝐌𝐁?̈̂? + 𝐂𝐁?̇̂? + 𝐊𝐁?̂? = 𝑭𝑝𝑠,𝑅 + 𝑭𝑒𝑥,𝑅 + 𝑭𝑛𝑙,𝑅 (52) 
premultiplying the above equation by 𝐁𝐓  
 









?̂? = 𝐁𝐓𝐌𝐁,      ?̂? = 𝐁𝐓𝐂𝐁 ,      ?̂? = 𝐁𝐓𝐊𝐁, 
  ?̅?𝑝𝑠
 = 𝐁𝐓𝑭𝑝𝑠
 ,    ?̅?𝑒𝑥
 = 𝐁𝐓𝑭𝑒𝑥





Finally, Figure 20 below shows the brief summary of reduction process. It includes all the strategic 
reduction process in developing a ROM for structures with multiple nonlinearities using 
substructuring techniques and the FAR. 
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Figure 20. Conceptual diagram showing the reduced order model process. 
 
3.6. Results 
3.6.1. Test Case 1 
In this section, a test case study of the dynamic analysis presented thus far is applied to a 
rectangular plate with double lateral crack as shown by the thick red lines in Figure 21. The figure 
also shows the geometric configuration of the plate, the plan view of the contact pair nodes of the 
structure as well as the partitioning plane highlighted by thick dashed lines.  The material 
properties of the plate include the Young’s modulus 𝐸 = 2.0×105 MPa, Poisson’s coefficient ν  = 
0.3, and density ρ = 7,800 kg/m3. Similar to the application in the previous chapter, the plate is 
modelled in ANSYS using linear solid elements with ~18,400 DoFs. The boundaries for both the 
top and bottom partitions are modelled with 150 nodes and each of the cracks have 50 contact node 












slip between contact node pairs. Results obtained through the nonlinear substructuring approach 
are validated by the application of the FAR on the CB-CMS model without substructuring. 
 
Figure 21. Geometry and pre-stressed contact condition of a Rectangular plate with double 
cracks. 
The first result shown on the left side of Figure 22 is the frequency response of the plate 
with a harmonic excitation amplitude of 0.01N at both ends of the top substructure. The behavior 
of the system as measured from the response node shows a linear behavior. This is because both 
top and bottom cracks remain sliding over the interested frequency range. The substructuring 
solution is also observed to match the validation approach perfectly. In addition, the size of the 
combined ROM was 4 and remained constant during the entire frequency sweep.  
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Increasing the excitation amplitude by a factor of 10 on both ends of the top plate generated 
the result presented on the right side of Figure 22 .During this analysis, the contact pairs of the 
cracks were sliding at frequencies far away from the resonant frequency. As the solution 
approaches the resonance frequency, the contact node pairs at the lower substructure’s crack 
interface begins to open gradually. The phenomenon is indicated as the beginning of softening 
behavior on the response curve. At resonant frequency and frequency in its neighborhood, all 
contact node pairs for both the lower and upper subcomponents had opened, making the softening 
more pronounced at these frequencies. The solution from the substructuring technique also 
matches closely with the results used for validation. As shown in Figure 22, the size of the 
combined ROM varied significantly along the response curve as a result of the application of FAR 
in the analysis. The model is further challenged by limiting the application of the excitation force 
to one end of the structure. Figure 23 shows the result obtained from exciting the system with 0.1N 
from the right corner of the top plate. Compared to results from Figure 15 there is more pronounced 
softening in the current analysis due to quicker switching time between the fully opened contact 
node pairs and fully closed contact node pairs. 
Figure 24 shows the result from the parametric analysis done by varying the excitation 
parameters. It shows how the plate transitions the linear low response curve to the nonlinear high 
response solution. 
3.6.2. Test Case 2  
Figure 25 shows a more challenging application of this novel ROM method to a Jackup platform 
with multiple intermittent contact areas on two of the three supporting legs of the platform. This 
is to simulate a case where the rack and pinion gears connecting hull and legs of a platform has 
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significant clearances and backlashes in two of the legs, causing a hull-leg intermittent contact 
situation resulting from environmental loads on the structure. 
 
Figure 22. First in-plane bending response of double cracked plate excited at both ends with  
𝐹𝑒𝑥 = 0.01N (Left), and 𝐹𝑒𝑥 = 0.1N (Right).  
  
 
Figure 23. First in-plane bending response of double cracked plate excited at one end with  𝐹𝑒𝑥 =
0.1N.  
𝑻 = 𝟑𝟒 
𝑻 = 𝟐𝟐 
𝑻 = 𝟏𝟐 
𝑻 = 𝟔 
𝑻 = 𝟏𝟔 
𝑻 = 𝟕 




Figure 24. Variation of the response amplitude curve with variation in excitation amplitude.  
 
Like in the rectangular plate test case, the platform is modelled in ANSYS using linear solid 
elements with ~170,000 DoFs. The structure is tripartitely partitioned along the hull, as shown by 
the red thick lines in Figure 26 , such that each substructure has a leg and a component hull with 
two interface connecting to adjacent substructures. Considering the relatively small amount of the 
contact nodes at the local contact interfaces compared to the total nodes of the system, and the 
predicted contact pattern from the first in-plane bending mode excitation, the legs with the contact 
interfaces are modelled stiffer than the rest of the platform in order to increase the difference in 
frequency between the fully opened and fully closed contact interface conditions. Also note that 
the normal contact stiffness 𝑘𝑛 at the contact interfaces is 5.68×10
7 N/m with negligible friction 




                         
Figure 25. Jackup platform model with two local intermittent contacts at then interface between 
the hull (triangular shape), leg 2 and leg 3. 
                                                                 











The platform is modelled with 0.2m gap between the contact pair nodes at the contact 
interfaces to mimic backlash clearance from the rack and pinion present in an actual Jackup 
platform. Therefore the contact node pairs is expected to be opened during static conditions and at 
low excitation frequency of the platform. Figure 27 shows the modes of the global linearized fully 
closed and fully opened contact interface conditions which provides insight into the bases selection 
for the nonlinear contact problem.  As expected the modal frequencies of the fully closed BC is 
higher than the fully opened BC and therefore more opened BC modes are likely to be selected in 
approximating the dynamics of the platform within a specified frequency range of solution than 
the closed BC modes. 
 The normal modes and frequencies of paired subassemblies of the subcomponents with 
fully closed and fully opened contact BCs are also shown in Appendix A. This highlights the 
predicted dynamic behavior at connecting boundary interfaces of the paired components to enable 
mode selection for the boundary interface DOFs reduction. The bilinear constrain modes are 
generated from these type of subassemblies. Only few of these subassemblies is shown because 
the logic of symmetry can be used to determine the outcome of other possible combinations. 
The nonlinear frequency response of the Platform at different location of the platform is 
shown in Figure 28.The platform is excited laterally at point F on leg 1, which is rigidly connected 
to the hull, as shown in Figure 25. The response displacement is measured at points A, B, C and 
D of the platform. The hardening behavior of the platform is common in the response at all the 




Figure 27. Mode shapes of the linearized fully open and fully closed contact BC of the jackup 
platform. 
 
Figure 28. (a) Frequency response curve of platform measured at point A and B. (b) Frequency 
response curve of platform measured at point C and D. 
0.1514 Hz 
Open BC Modes 
0.7054Hz 0.4970 Hz 0.1578 Hz 
Closed BC Modes 




As expected, the response curves of Legs 1 and  2 (Figure 28b) are similar and experience a 
relatively moderate hardening because at any instant in time, with the system operating in the 
neighborhood of the resonant frequency,  almost the same number of contact pairs nodes are 
switching but at opposite halves of the legs. However, the motion trajectory measured from the 
platform close to the contact interface appears to me more complicated as seen in Figure 28a. This 
is due to the effect from the fluctuation in the number of switching nodes at the platform’s contact 
interface. 
The result obtained from the implementation of substructuring with boundary reduction 
combined with the FAR technique is validated in Figure 29. The new concept (indicated as 
‘FAR+SUB+IR’) is compared with the application of FAR on the full structure (indicated as 
‘FAR’) and using FAR with subtracting but without boundary interface reduction (indicated as 
‘FAR+SUB’). The performance of the new approach is very competitive to the other proven 
approaches. The ‘FAR+SUB+IR’ outperforms the ‘FAR+SUB’ in that the large amount of 
equations associated with boundary interface DoFs (~150 per interface) in the later, is considerably 
reduced (maximum total of 8). While novel method suffers an increase in the size of the ROM 
compared to the FAR only method, the advantages it provides through substructuring is very 
significant especially in large systems susceptible to local structural changes.  
Figure 30 shows the variation in the ROM size of the assembled system over the solution 
frequency range. The FAR inherent advantage of optimal variation in ROM size is clearly visible 
and the MPC value𝜀2, with the minimum number of the maximum ROM size at an acceptable 
error is used in this analysis (𝜀2 = 2 × 10
−3). Figure 31 shows the frequency response of the 














































Figure 31. Parametrization effect of MPC cutoff value 𝜀2 on the frequency response curve. 
 
3.7. Conclusion 
A nonlinear substructuring strategy is developed for solving systems with multiple intermittent 
contacts and tested with the FAR approach. The method is based on the conventional CB-CMS 
technique, which have shown to be effective methods for linear problems. By the inclusion of 
bilinear modes in the reduction basis, the reduced systems are able to capture the nonlinearities 
from intermittent contacts. Bi-linearity is applied in the form of FI-BLMs which are similar to the 
regular fixed interface modes but adding the contact effect. In order to select the optimal set of FI-
BLMs and therefore minimize the size of the global reduction matrix, the FAR was applied. 
Besides the nonlinear reduction, the DoFs at the boundary interfaces connecting the substructures 
is also reduced. The interface reduction is done at the substructure level by pairing adjacent 
substructures and using the bilinear constraint mode idea to obtain the interface modes. 
Combination of few selected modes of all the interfaces associated with a substructure is the 
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applied along with the regular CB-CMS static constrain modes to transform the boundary DoFs. 
The method was first applied to a rectangular plate with double intermittent contact to test the 
strength of the approach. Results from different loading conditions show a good agreement with 
the benchmark. A second test case of a Jackup platform with intermittent contact surfaces at two 
of the three hull-legs interfaces was also considered. Solutions obtained from the novel method 
showed very good prospects and advantages compared to other proven methods used applied in 
comparison. Therefore based on the nonlinear solutions presented in this two test cases, the 
accuracy and usability of the developed method can be concluded to be effective in tracking the 























4. Bi-linear modelling of legged micro-robot locomotion based on contact 
dynamics and vibration in multiple modes 
4.1. Introduction 
In recent years, the desire to design high fidelity dynamic models to capture both structural motions 
and contact behavior of microscale robots have continue to gain significant attention due to 
increased potential area of applicability of this systems. Some of the potential area of applicability 
include biomedical and bioengineering (minimally invasive surgeries, drug administration, 
therapeutics and tissue engineering), military (disaster response, rescue and tactical operations) 
and system monitoring [79]. Effective application of this microrobots require constant research 
and improvement in developing new actuation mechanisms, power source, control systems and 
dynamic modelling concepts to achieve higher precision and accuracy during their operations. This 
work introduces the concept of bilinear reduced order modelling in predicting the dynamics of a 
legged, piezoelectric driven microrobot.  
Several Dynamic concepts to model the locomotion of small scaled mobile systems has 
been studied in the past. Some of this idea include modelling and testing of centimeter scaled 
robots with locomotion principle similar to that obtained in biological organisms [80][81]. These 
works details the dynamic interaction between different parts (foot–terrain and foot–body 
interaction) of a silicon micromachined robot in predicting the global motion of the robot. 
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Characterization of the nonlinear interaction between the foot and terrain is done with 
consideration of the nonlinear air damping and adhesion in estimating microrobotic dynamics. The 
leg-body interaction on the other hand is influenced by the elastic structural resonances of the legs 
and body of the microrobot. This has tendencies to be very complicated considering modal 
coupling interaction between each leg and the body or among the legs. Lumped parameter models 
used in simplification of the legs and body as implemented in these works will not capture such 
modal interactions especially in relation to the foot-terrain interactions. This research proposes the 
FE modelling of microrobot with bilinear contact modelling of the foot-ground interaction. 
The research proposes a mathematical model to investigate the motion of a legged, 
piezoelectric driven microrobot working with stick-slip principle. An earlier attempt in Ref. [82] 
developed a theoretical analysis of a single legged microrobot with the assumption that the relative 
mass of the leg compared to the body of the robot is negligible. This assumption, which can result 
in considerable error in design, fabrication parametrers and control of the system, was eliminated 
in a later research. The recent work [83] considered a multiple legged robot with continuous mass 
and elastic distribution. The forced response of the microrobot under the effect of a driving voltage 
excitation was determined from the formulated equation of motion using the assumed-mode 
method. The physical characteristics of the robot coupled with the friction force distribution was 
used to determine the direction of motion of the microrobot. Also, the effect of the mass 
distribution between the robot's body and its legs on the average velocity is examined and some 
predictions for appropriate operating conditions of the microrobot was provided. One major 
drawback of this model is that only the fundamental mode is included in the analysis and separation 
of the leg from the ground was analyzed.  
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Other techniques have improved on adding important design considerations to improve on 
the previous model. A recent research, developed a validation model to analyze the dynamic 
impact behavior on the locomotion of a millimeter-scale multi-legged microrobot under the 
influence of relatively small-scaled excitation. In the attempt to address the modal interaction 
challenge, multiple vibration modes were included in the modelling of all the legs. The dynamics 
of adhesion and rest between the feet and ground was distinguished for a better understanding of 
the adhesion influence on microrobot dynamics. The model was proposed to predict the robot 
forward motion and individual leg motion after obtaining cogent design parameters and 
prefabrication analysis. 
4.2. Robot Locomotion 
The motion of a hexapod-legged microrobot can be very complex considering that their 
locomotion is a concept mostly inspired by multipod invertebrates like insects. Therefore it is 
important to understand and simplify nature and process of motion to be studied. Figure 32 shows 
the architecture of the FEM model of to be studied. The general design is motivated by a type of 
millimeter-scale, piezoelectric and polymer thin-film robot fabricated with micro-machining with 
a rigid body and multiple pairs of legs on both sides of the body as shown in Figure 33a [ 84]. 
Figure 33b shows the experimental model that motivated this study. The centimeter-scale 6-legged 
prototype was made with 3D-printed polylactic acid (PLA) frame bonded with piezoelectric 
ceramic strips as actuators. Similar to the understudied prototype, the FEM robot is made up of six 
arms, leg, feet and one main body rigidly connected to one another as illustrated in the diagram. 
The robot is actuated by a combination of six PZTs with each connected to the arm linkages 
connecting the main body and the legs of the robot. The PZT is actuated such that it generates a 
bending moment to rotate the robot foot out of plane. 
77 
 
Conceptually, the locomotion of this robot is based on alternating excitation of the PZTs 
in a manner that alternatively excites the extreme legs on one side and the mid leg on the other 
side of the robot simultaneously. Note that the PZT is deliberately connected to the arm to extend 
beyond the leg width to create asymmetry along the lateral axis of the arms. This asymmetry allows 
the arm, during the upward stroke of the leg, to experience a residual moment along the lateral axis 
therefore creating an angle between the longitudinal axis of the leg and the vertical (normal to the 
ground) during the downward stroke. This angular contact of the leg-foot assembly with the ground 
will propel it forward. The overall motion and position of the robot at the end of each step cycle 
(a complete upward and downward stroke of the leg) will depends on the magnitude of the resultant 
lateral moment generated by all the legs. In order to minimize the power needed to excite the robot, 
the PZT are operated at frequency near the resonance of the robot. 
 
 









Figure 33. (a) Picture of a silicon micromachined millimeter-scale microwalking robot [84].  (b) 
Photo of a centimeter-scale walking robot prototype with the leg schematic [85]. 
 
4.3. Robot Structural Modeling 
Modelling of the centimeter scaled, hexapod micro robot shown in Figure 32 is generated by the 
FEA of its dynamic and rigid body vibration. The robot body and the leg-foot assembly are 
modelled to be relatively rigid compared to the compliant arm linkages connecting the body and 
leg-foot assembly of the robot. The locomotion of the robot is highly dependent on both modal 
vibration of the arm linkages and the nature of the nonlinear interaction between the foot and the 
ground. The governing equation of motion computed in terms of the physical displacement 𝒒 is 
written as  





where ( )̇ is the time derivative. 𝐌, 𝐂 and 𝐊 are the mass, viscous damping and stiffness matrices 
of the entire robot. 𝑭𝑝𝑠 is the vector of pre-stress forces applied to the body and is used to model 
gravity in the system , 𝑭𝑒𝑥 is the excitation vector generated from the Piezoelectric actuation, 𝑭𝑛𝑙 
is the vector of nonlinear contact forces acting at the foot-ground contact pairs.  
In order to resolve the complexity associated with the nonlinear contact force which could 
make Eq. (56) difficult to solve, the HBM is used to obtain the steady state solution of the model. 
In order to use HBM, we assume that the steady state displacements and nonlinear forces are 
periodic. Hence, they are expressed as a sum of harmonic terms. As the harmonic functions are 
linearly independent, equating their coefficients yields a set of algebraic balance equations in the 
frequency domain for harmonic-indices ℎ =  0 to ℎ =  𝑛𝐻 at a frequency ω as follows: 
 
                              𝐊𝒒0  =  𝑭𝑝𝑠 + 𝑭𝑒𝑥
0  +  𝑭𝑛𝑙
0 ,           ℎ = 0,   
[ −(ℎ𝜔)2𝐌+ 𝑗ℎ𝜔𝐂 + 𝐊 ]𝒒ℎ  =  𝑭𝑒𝑥
ℎ  +  𝑭𝑛𝑙
ℎ ,                        ℎ = 1,… , 𝑛𝐻,  
(57) 
𝒒ℎ can then be solved using iterative method that tries to minimize the residual of the equations. 
Calculating the frequency equivalent of the nonlinear contact force requires the AFT procedure 
[6][42] and the contact model described later. To perform AFT, the Fourier coefficients of the 
relative tangential and normal displacements are extracted at all the foot-ground contact node pairs 
in𝒒ℎ. The inverse Fourier transform of theses coefficients generates the periodic functions in the 
time domain. The equivalent contact forces are then calculated using the contact model and then 
converted back to the frequency domain via another Fourier transformation. The nonlinear forcing 
𝑭𝑛𝑙




Considering that the behavior of the untethered microrobot is a combined motion of the 
dynamic and rigid body vibration of the system, the nonlinear force is not only a function of contact 
node pair DoFs, normal to the ground, in 𝒒ℎbut also a function of the rigid body mode DoFs as 
shown in Eq (58).  
 ?̅?𝑛𝑙
ℎ (𝒒𝑚(𝑧)
ℎ , 𝒒𝑟3 , ?̇?𝑟1𝑡, ?̇?𝑟2𝑡) (58) 
where 𝒒𝑚(𝑧)
ℎ  is the contact node pair DoFs normal to the ground and  𝒒𝑟1, 𝒒𝑟2 and 𝒒𝑟3are the rigid 
body DoFs associated with the x, y and z directions as shown in Figure 34. 
For the rigid body, the combined rigid body mode transformation matrix can be written as 
 
𝑟 = [𝑟1 𝑟2 𝑟3] 
 
(59) 
where 𝑟1, 𝑟2and 𝑟3are the rigid body modes in the lateral (x and y) and normal (z) directions. 
The rigid body coordinates 𝒒𝑟 is defines as  




Sustituting Eq. (60) into the EoM in Eq. (56) and premultiplying by 𝑟
𝑇
yields 
 𝐌𝑟?̈?𝑟 + 𝐂𝑟𝒒?̇? + 𝐊𝑟𝒒𝑟 = 𝑭𝑝𝑠
𝑟 + 𝑭𝑒𝑥
𝑟 + 𝑭𝑛𝑙





𝐌𝑟, 𝐂𝑟 = 𝑟
𝑇
















For rigid body motion 𝑟1 and 𝑟2, taking the following into account; steady state (?̈?
𝑟 = 𝟎), zero 




𝑟                for 𝑟 = 𝑟1 and 𝑟2 




where 𝑡 is the total sticking and sliding time during a period of vibration. Invoking zero eigenvalues 
and zero external forcing on rigid body 𝑟3 gives 
 
𝐌𝑟?̈?𝑟 + 𝐂𝑟𝒒?̇? = 𝑭𝑝𝑠
𝑟 + 𝑭𝑛𝑙





Figure 34. Rigid body motion considered in analysis of the microrobot 
The damping term 𝐂𝑟 in the rigid body motions 𝑟1 and 𝑟2 from Eq. (63), is modelled with 
proportional damping such that  
 
𝐂𝑟 = α𝐌  
 
(65) 
where α is the mass proportion coefficient and will be referred to as the rigid body constant 
hereafter. The dynamic harmonic EoM in Eq. (57) and the rigid body equations in Eq. (63) and Eq. 
(64) are solved simultaneously using the ALC 
4.4. Nonlinear friction force 
The nonlinear force 𝐹𝑛𝑙in Eq. (56) is associated with friction which accounts for the local elastic 
restoring forces during the stick phase and dissipative forces during the slide phase of the 
microrobot. Given that the aim of this study is to obtain the steady-state response of the microrobot 
under a periodic forcing, the dissipative energy at the contact during a period of the motion is 
calculated by a quasi-static analysis. This analysis can be achieved by Colomb’s law. Consider the 









Figure 35. Schematic view of the contact model between the robot’s foot and ground 
The contact node pair at any point between the foot and the ground has a contact stiffness 
represented by springs. Piezoelectric excitation effect on the leg causes relative displacement in 




𝑘𝑛?̅?𝑛           𝑖𝑓?̅?𝑛 > 0
 
    0              𝑖𝑓?̅?𝑛 ≤ 0
 (66) 
Separation occurs at the lower branch when relative displacement is negative and therefore the 
normal nonlinear force?̅?𝑛𝑙
𝑛 = 0, and ?̅?𝑛𝑙
𝑛 = 𝑘𝑛?̅?𝑛 when the contact condition is stuck. Similarly, 
the tangential friction force is dependent on the tangential relative displacement and its magnitude 
and direction determined according to the following equation, 
for ?̅?𝑛𝑙
𝑛 = 0, 
 ?̅?𝑛𝑙









𝑘𝑡(𝑞𝑡 − 𝑤)           𝑖𝑓  𝑘𝑡|𝑞𝑡 − 𝑤| < 𝜇𝑁                                 
 
 − 𝜇?̅?𝑛𝑙
𝑛                     𝑖𝑓   𝑘𝑡(𝑞𝑡 − 𝑤) ≥ 𝜇𝑁                                 
 
𝜇?̅?𝑛𝑙





If separated i.e. ?̅?𝑛𝑙
𝑛 = 0 then the tangential frictional force is zero. The contact pair are in stick 
condition at the top branch of the equation. This is equivalent to when 𝑤 remains constant i.e. 
velocity ?̇? = 0. The last two branches of the equation represent positive and negative slip or 
sliding conditions of the contact pairs. It’s important to note that while it is not possible to pre-
determine the contact condition at each instant of time, we can assume the stick condition at the 
initial time which would eventually converge to the right condition over a period.  
4.5. Reduced order modeling 
The FEM solution of the multi-legged microrobot considered in this research require a large DoF 
due to the fine discretization of the model, especially near the foot-ground assembly, necessary for 
accurate and reliable dynamic solution. However the cost of modelling such high fidelity system 
come at a heavy and expensive computational cost. Also, considering the complex nature of the 
nonlinear forces likely to be generated from the incessant interaction of the robot foot with the 
ground, the full order analysis of the system will result into a set of highly nonlinear, coupled EoM. 
The CB-CMS and FAR bilinear reduction techniques explained in chapter two are employed to 
address these challenges. The internal linear DoF of the robot is considerably reduced via CB-
CMS by projecting the equation of motion on a set of linearly independent fixed interface modes, 
𝚽𝐶𝐵 augmented with certain interface constrain modes𝚿. The contact dynamics is also 
approximated as the linear combination of sets of bilinear modes with special boundary conditions. 
FAR is applied to select the optimal set bilinear vectors included in the reduction matrix at every 
solution frequency being considered.  
4.6. Numerical Results 
A centimeter-scale 6-legged robot model is designed to validate the locomotion model developed 
in previous section. The simulated robot motion at different frequencies was thus compared with 
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experimental measurement. Some of the experimental results, obtained from [85], are shown in 
Appendix B.  
4.6.1. Parameter Identification 
Due to the high level of uncertainty in the material properties of the experimental robot’s material 
and the variation in the contact model parameters, certain parameters must be identified before 
validating the accuracy of the proposed model. To do this, we first investigate the effect of these 
parameters on the locomotion of the robot to identify the sensitivity of these parameters. By tuning 
each parameter over their estimated limits, it is possible to understand the magnitude of their effect 
on the robot dynamics. During the sensitivity analysis of any certain parameter, all the other 
parameters are held constant at their nominal value. The results in Figure 36 shows the summary 
of the sensitivity analysis of the model, where the velocity of the robot was measured as each 
parameter is perturbed. The result shows a nonlinear effect of the parameters with the robot’s speed 
and the order of parameter sensitivity as: normal stiffness 𝑘𝑛, tangential stiffness 𝑘𝑡, friction 
coefficient μ, elasticity E, rigid body constant α and density ρ. 
 
































Appropriate values of these sensitive parameters, for analysis, can be selected either by trial and 
error or by solving a nonlinear optimization problem using selected few experimental data obtained 
from the robot motion at discrete number of frequency points. To optimize the parameters, 
aggregate sum of squares of the residuals of the objective function, φ, over the frequency range of 
interest is minimized as 
 












𝐸𝑚𝑖𝑛 ≤ 𝐸 ≥ 𝐸𝑚𝑎𝑥 , ρ𝑚𝑖𝑛 ≤ ρ ≥ ρ𝑚𝑎𝑥, 𝑘𝑛𝑚𝑖𝑛 ≤ 𝑘𝑛 ≥ 𝑘𝑛𝑚𝑎𝑥, 𝑘𝑡𝑚𝑖𝑛 ≤ 𝑘𝑡 ≥
𝑘𝑡𝑚𝑎𝑥, μ𝑚𝑖𝑛 ≤ μ ≥ μ𝑚𝑎𝑥 and α ≥ 0 
(70) 
where vectors 𝑺∗and 𝑺 are the measured and computed speed of robot. The parameter limits used 
in the optimization function are from the estimated material properties of PLA [85]. Table 3 shows 
the optimal parameters used in validation analysis 
Table 3. Robot model parameters obtained from optimization. 
Parameter Value 
Elasticity E 2.55 𝐺𝑃𝑎 
density ρ 1.23 ∗ 103 𝐾𝑔/𝑚3 
normal stiffness 𝑘𝑛 1.02 ∗  10
6 𝑁/𝑚 
tangential stiffness 𝑘𝑡 6.24 ∗  10
4 𝑁/𝑚 
friction coefficient μ 0.32 




Figure 37  shows the forward and vertical motion of two different legs (frontal and middle legs) 
the robot. The robot shows very little motion in the vertical direction at low frequencies, but the 
middle leg shows some motion in the forward direction. This can only be attributed to the middle 
leg undergoing some periodic dynamic deformation but not necessarily causing the motion of the 
entire robot. This is confirmed in Figure 38  which shows the magnitude of the robot’s forward 
velocity versus frequency. At first resonance, approximately 140Hz, there is significant motion in 
both the upward and forward direction. This further confirms the intended locomotion process 
described earlier, that the robot will move in the horizontal direction as a consequence of the robot 
leg making angular connection with the ground during the downward stroke of its vertical motion. 
The impulsive reversal of the robot’s motion around the fundamental frequency is also observed 
in some experimental results and might require further analysis to understand this behavior, 
perhaps it could be a modal interaction phenomenon. The microrobot continues to go through a 
couple of forward and backward motion or combination of both depending on the excitation 
frequency until at around 152Hz when it reaches second resonance.  
 
Figure 37. Frequency response of the forward and vertical displacement amplitude measured at 




Figure 38. Frequency response of the robot’s forward velocity 
 
4.6.2. Model vs Experimental Results 
The characteristic time domain response of the microrobot over a period of vibration is shown in 
Figure 39. This measurement is taken at the fundamental frequency and at lower forcing amplitude. 
The combined motion of the dynamic and rigid body dynamics indicated by the solid sinusoidal 
line shows that the robot is horizontally displaced over a period. Therefore, confirming that the 
feet has an impact with the ground at least once during a vibration cycle as is the case in the 
experiments. The dashed line in the figure indicates the robot dynamic motion without including 
rigid body modes. In this case the robot has no displacement at the end of the cycle. 
Comparison between the FEM solution and the experimental results shows that the direction of 
robot motion is generally the similar in both cases. As earlier stated the experimental results 




Figure 39. Periodic motion of the dynamic, rigid body and combined motions of the microrobot. 
 
Figure 40a and Figure 40b shows the observed and FEM velocities versus frequency with actuation 
voltage of 30V on wooden and steel grounds respectively. Within certain frequency range, the 
predicted velocity modelled the experimental velocity well especially at lower to mid-range 
frequencies but begins to deviate at frequencies above the fundamental frequency.  This could 
likely mean that a different set of system parameters need to be generated to predict dynamics at 
higher frequencies or the mathematical model adjusted to handle some of the unanticipated 
dynamics at these higher frequencies. Given that the optimization parameters used are identified 
at 30V and 110-130Hz, a more robust optimization to capture better universal system parameters 








Figure 40. Relationship between the average velocity frequency response of the experimental 


















































 In Figures 41  and Figure 42, the dynamics of the robot around the first resonance (110Hz-140Hz) 
was studied under different excitation voltages to observe the validity range of the model. While 
it is generally observed that the model solution drift from the observed velocity at higher excitation 
amplitudes, the error is minimal at frequencies closer to the resonant frequency. The increasing 
error at higher frequencies could likely be as a result of the microrobot bouncing a lot such that 
some of its legs remains in the air for too long before making contact with the ground.  
 
                                              (a)                                                                                           (b) 
 
                                              (c)                                                                                             (d) 
Figure 41. Relationship between the excitation voltage and the average robot velocity of the 































































































                                              (a)                                                                                           (b) 
 
                                              (c)                                                                                             (d) 
Figure 42. Relationship between the excitation voltage and the average robot velocity of the 




A FEM model is presented to predict the dynamics of centimeter scale hexapod microrobot. The 
robot was harmonically excited at its legs in manner similar to excitation from a piezoelectric 
ceramic bonded to the legs (as done in the prototype). The model includes integration of the 
dynamic and rigid body motion of the robot to formulate a coupled EoM describing the motion of 
the systems in three DoFs. The interaction between the robot feet and the ground is modelled using 
































































































is used to simplify the nonlinear motion of the foot-ground interaction and FAR mode selection 
technique is used in selecting optimal modes for the reduction process.  
To validate the model, results were obtained from a previously fabricated prototype with 
similar dimensions and properties as the FEM model. The prototype is actuated by piezoelectric 
ceramic strips bonded to a 3D printed body, and are experimentally characterized in terms of leg 
and body dynamics as well as walking speed. The experimental results obtained from the prototype 
include velocities of the robot under varying actuation voltages and frequencies around the 
resonant frequency. The model was able to predict the resonant frequency of the prototype after 
the model parameters was identified from solving a nonlinear optimization problem. The 
optimization is used to extract values of the model parameter that minimizes the residual between 
experimental and simulated velocities at low excitation amplitude.  
Compared with the experimental data, the model was able to capture the locomotion gait 
of the microrobot and the vertical leg trajectory of the robot within some excitation frequencies. 
The horizontal velocity of the robot was also captured at frequencies lower and close to the 
resonant frequency and at lower excitation amplitudes. Some limitation of this model is its inability 

















5. Conclusions, Contributions and Future work 
In this dissertation, novel methods for computing the dynamic behavior of structures with local 
intermittent contacts were developed. There is high interest in developing fast and reliable methods 
for predicting the behavioral characteristics of systems with intermittent contacts. Past methods 
developed for this type of systems suffer from a high number of DoFs caused by complex motions 
at the contact interface. While previous approaches may be employed in most cases, an equally 
reliable but faster and more versatile is often needed in design and analysis. The understanding of 
the nonlinear dynamics of systems with intermittent contacts, especially cracks can be very useful 
in making timely and important reliability decisions on operability of the overall system. Three 
types of ROMs were developed to predict the behavior the effect of intermittent contacts on 
different systems with a broad range of attributes.  
In chapter two, a first ROM was developed using the BLM concept combined with a special 
two step selection algorithm referred to as the FAR algorithm. The main goal of this ROM is to 
develop an optimal transformation matrix which spans the solution space of a system at a given 
frequency using the bilinear modes of the system at neighboring frequencies. The two steps of the 
FAR algorithm are the MSC and MPC. The MSC selects bilinear modes with frequencies within 
the frequency range of interest and based on their linear independence into the transformation 
matrix. The MPC deselects bilinear modes with relatively low modal amplitude from the 
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transformation matrix. The addition and removal of vectors into and out of the transformation 
matrix significantly saves computational cost and makes this approach unique. The technique was 
demonstrated for a cracked rectangular plate, a set of overlapping coaxial cylinders, and a 
simplified jackup platform (with intermittent contact between the hull and one of its three legs). 
Results were validated with solution from the full nonlinear DOF model (only CB-CMS reduced 
model). The FAR-based model was shown to be reliable, accurate and fast with minimal ROM 
size at every frequency solution.  
Nonlinear intermittent contacts are usually local, i.e. the number of DoFs at the contact 
interface is much less compared to the entire system’s DoF. The second ROM developed in chapter 
three helps to narrow the number of nonlinear models to only within the region of the contact 
interface. This ROM uses a conventional substructuring method (CB-CMS) combined with FAR 
and with boundary interface reduction techniques. This approach accommodates systems with 
multiple nonlinearities either preexisting or newly formed. In the case of newly formed intermittent 
contacts, this approach alleviates remodeling of the entire system but rather only the affected 
subcomponents. After partitioning of the system into subcomponents, the original CB-CMS is used 
to reduce subcomponents with only linear DoFs, a modified CB-CMS is used to reduce 
subcomponents with nonlinear DoFs and a set of boundary interface modes of component 
subassemblies are used to reduce the interface DoFs. The modified CB-CMS contains fixed 
interface bilinear modes (FI-BLMs) instead of the regular fixed interface modes. FAR is employed 
in the selection process of FI-BLMs. The new ROM was demonstrated for a rectangular plate with 
two cracks at opposite sides and also for a jackup platform with hull-leg contact interfaces at two 
of its three legs. The ROMs predicted the response of these structures accurately and efficiently.  
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The bilinear FAR concept was further challenged in chapter four to predict the behavior of 
a centimeter scaled hexapod microrobot. To accurately model the robot, the previously developed 
model was modified to include rigid body dynamics and friction. The robot is made of a pseudo 
rigid body connected to six flexible arms which are connected to the legs and feet of the robot. 
The robot is excited at the arms in a manner similar to the excitation direction of a PZT actuator. 
The foot-ground interaction was modelled with FAR selected bilinear modes to reduce the order 
of the model for the robot. For validation, the performance of simulation results were compared 
with experimental measurements from the literature.  
The major research contributions made during this research work include:  
 Developed a novel frequency adaptive reduction (FAR) method using bi-linear reduced 
order modelling to predict the behavior of structures with intermittent contacts.  
 ROMs predicted the steady-state response with significantly reduced computation 
time compared to other analysis methods.  
 Developed approach was able to effectively predict significant softening and 
hardening behaviors characterized by contacts with separation.  
 Optimal of ROM selection reduced computational storage required during very 
wide range of frequency sweeps.  
 A novel nonlinear ROM approach was developed, using the combination of conventional 
substructuring, FAR and boundary interface reduction techniques for forced harmonic 
response analysis of structures with multiple intermittent contacts.  
 Bilinear constraint modes significantly reduced the interface DoFs.  
 Efficient ROMs of full assembly were capable of capturing effects of local 
nonlinearities accurately.  
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 A bilinear based ROM was developed to predict the locomotion of a hexapod microrobot.  
 Model result confirmed the predicted pattern of robot locomotion.  
 Model predicted the locomotion of robot around the first resonance.  
 
Based on the work reported in this dissertation, some ideas for future research include:  
 Prediction of the dynamic response of an offshore platform with fully modelled 3-D contact 
dynamics at all the hull leg interfaces 
 Robust optimization for identifying microrobot’s modelling parameters with experimental 










Subassemblies of Jackup Platform 
Boundary 
Conditions 
First Mode Second Mode Third Mode Fourth Mode 
 
Legs 2 and 3 
subassembly 
 
Fully closed leg 2 
and fully closed 
leg 3 
    
 
Legs 2 and 3 
subassembly 
 
Fully open leg 2 
and fully closed 
leg 3 
    
 
Legs 2 and 3 
subassembly 
 
Fully open leg 2 
and fully open leg 
3 
    
0.2798 Hz 0.5340 Hz 1.0359 Hz 2.7366 Hz 
0.1890 Hz 0.1927 Hz 0.6497 Hz 0.6776 Hz 
3.01e-6 Hz 5.36e-6 Hz 7.77e-6 Hz 9.11e-6 Hz 
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Legs 1 and 2 
subassembly 
 
Fixed leg 1 and 
Fully closed leg 2 
    
Legs 1 and 2 
Subassembly 
 
Fixed leg 1 and 
Fully closed leg 2 
    
 














0.2798 Hz 0.5347 Hz 1.0365 Hz 2.7392 Hz 
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Experimental Results of Microrobot 
 
Figure B. 1. Excitation frequency vs robot speed at 30V with metal ground 




























Figure B. 2. Excitation frequency vs robot speed at 30V with wooden ground 
 
 
Figure B. 3. Excitation voltage vs robot speed at 130Hz with metal ground 
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